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PHILOSOPHICAL TK.ANShCTZONS. 

--

I .  T h e  Stability q /  rt Spl,~r;cnlA4i\~~brrP,r. 

3 y  J. H. J E A K ~ ,B.A., Fc'llozc of T~i iz l tyCollcge, c ~ ~ ~ c lIsnccc iPTozc.to~rStzldcnt i,r t h e  
T G z i c c ~ s i t yof CIcwlb ~ i d y e .  

Conzn~t~7zicotd 2jy Professor (4, I-[, Lln~tn-1s)F.li.5'. 

S I .  TEIEobject of the yl*estillt 1)i-lper can be best exylainud 1:). 1.ef'eri.ing to n ~elltenco 
wl-rich occurs in a paper by Professor G. 11. ~ ) A R ~ v I x . ~ ~'Tllis is as fbllows :--

L C  The principal question involved in the nebular Irypotllesis seems to be the 
stability of n rotating mass of gas ; but, unfortunately, this has remained up to now 
an untouched field of inathematical research. TVe can only judge of probablo results 
fi-om the investigations which have been matie concernil~g the stability of a rotating 
mass of licpid." 

I11 so far as the two cases are the arguinent by alialogy will, of course, be 
valid enough, but the conipressibility of a gas makes possible in the gaseolXs nebula n 

~~11oleseries of vibrations which have 110 cou~llerpart in a licpid, and no inferelice as 
t o  the stability of these inotions call be drawn froni an examination of the behavionr 
of n liquid. Thus, although there will be unstable vibrations ;n a rotating illass of 
gas similar to those which are known to exist in i% rotating liclnid, it tloes not a t  all 
follow that a rotating gas will become unstable, in the first place, tllrougl~ vibr a t'ior~s 
which have a counterpart in a rotating liquid : i t  is a t  any rate conceivable that  the 
sribrations through which the gas first 1,ecomes unstable are vii~rations in which the 
compressibility of the gas plays so pronlinent :t part, that no vibration of the kind 
call occur in a liquid. If  this is so, the conditions of the formation of planetary 
systems will be widely differenl, in the two cases. 

With a view to answering the questions suggested by this argunient, the lsreseilt 
l'aper attenlpts to examine in n direct manner the stability of a mas? of gravitating 
gas, and it will be found that, on the whole, the results are not such as could have 
been predictecl 1)y annlogy from the results in the case of n gravitating liquid. The 

" " On the Jfccliailicnl C'onclitio~ls of of Cosmogony," ' f l l i l .n S ~ ~ - n r m  l [c tcor i t c~ ,and olr Theo~ics  of 
Tr'lris.,' A, vol. 180, p. 1 (1888). 

V O ~ , .  C~XPIX.--A 3 1 2. 13 31.7.02. 

http:31.7.02
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inah  point of' diff'erence between the t117o cases call l ~ c a  seen, all~iost ~vit l lo~lt  
matliernatioal analysis, as follows :--

6 2. Spealririg somewhat looselv, tlle stability 01, instal~ilityn ~ t ybe ~neasuredby 
the resultant of' several factors. I11 the case crf ari i~lconipr.essible licluid we may say 
that gravitation tends to stability, and rotation to instw1)ilit-y ; the liquicl becomes 
unstable as soon as the second factor l~reponderntes os-er ihe first. The gr:~vitatiollal 
tendency to stability arises in this case from tile surface ineclrxalitiei: caused by the 
displi~cenlent: nlntter is luoved froin a place of lligl~es potential t o  a place of lower 
potel~tial, and in this way the gravitational potentir~l energy is increased. As soon 
as we P ~ S Sto the consideration of a conlpressible gas tlle case is entirely different. 

Suppose, to take the simplest case, that 15-e are (lealing ~ r i t l l  a single shell of 
gra~yitating@s, bounded by spheres of radii i .  ant1 9. + ti/-, awl initially in eqllilibviurrr 
~mcler its o~vn gravitation, at a uriiforlli density p,,* 

Slx~pose,n o ~ v .that this gas is c:~-useil t o  arltlcrgo a tililgential compression 01, 

tlilatatiorl, such that the density is changed fkom 

n~l1esep ,  is a snlall quantity, and S ,  is i~ spherical su~~fb(.o11;n.inonic of' oietler , i .  

It \\-ill seaclily he verified that tliere is a tlecreas~in tlle gravitational energy of' 
nmolxrit 

As this is essentinlly :t positive cjnantity, we see that ;illy t~ulgential displaceinent 
of a single shell will decrease the gravitational energy. 

This esanlple is sufficient to show that ~vllen the gas is compressible, tlie tendency 
of gravitation inay be to~vards instability. The g~xavitatitrll of the surface ineql~alities 
xvill as befbre tend towards stability, but -\vhen are dealing wit11 a gaseous nel)ula, 
i t  is ilnpossible to suppose tliat a disconti~~uity of density cull occui- sllcll a s  would be 
rrecessary if this tendency TT4,ere to come into operatioil. ltotation :xs before m~ill tend 
t o  instability, anrl the C%ctor which ir~akes for stnl~ility ~vill Ge the elasticity o f  

the gas. 
W e  call iio~zrsee that there is nothing inherelrtly impossible, or even iinprolal)le, 

in the supposition that for a gaseous nelnixla tlie symrrrietrical configuration may 
become unstable even in th r  absence of' ~-otation. 'Cbr question which ~z-e strrall 
i3rimarily attenrpt to answer or ~ i o t  this is, in point of' fact, ais, \ ~ h e t l r ~ r  l~ossible 
occurrence, and if so, under zvl~at circuinstanc~s i t  will take place. 'Po iiivestignte 
this problem, i t  will be sufficiei~t Lo consider the vibrtttioils of a non-rotating nebula 
about a configuration of spherical symmetry. 

5 :3. 1Tnfort.nnately, the stability of' 4 gaseorsR nel31rln ti111te size is uot, a subjectI ) [ '  
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which lellds itself well to mathel~~atical The principal clifficulty lies in treatment. 
finding a system whic11 sliall satisfy the ordinarily assui~ied gas eyuations, atid shall 
a t  the same time give an aclequate representation of the primitive nebula of 

If we begin by supposing a nebula to  consist of a gas which satisfies a t  every 
point the ordinarily assurned gas equations, and to lie free from the iilfluence of all 
external forces, then the only configuration of ec~uililxilxiii is one ~?;hicl~ extencls to an 
infinite distance, and is such that  the nebula contains an infinite mass of gas. The 
only alteniative is to suppose the gas to be totally devoid of thernial conductivity, 
alld in this case there is all equilibriuln configuration ~vhich is of finite size and 
involves only a finite mass of' gas. But the assumption that  a gas may I)e trcated as 
non-coiicluctimg finds no justification in nature. JVllen we are dealing, us in the 
present case, with changes extellding through the course of thousands of years, we 
cannot suppose the gas to be such a bad conductor of heat, that  any configuration, 
other than one of thermal ecluilibriu~u, inay be regartled as penilanent. 

Professor DARWINhas 1)ointed out that  a nebula which consists of ah snrarm of 
meteorites may, under certain limitations, be treated as a gas of which the meteorites 
are the "molecules."* 111 this quasi-gas the mean time of describing a free path niust 
be measured in days, rather than (as in the case of an actual gas) in units of 

second. The process of equalisation of teniperature will therefore be much 
slower than in the case of an actual gas, and it  is possible that the conduction of heat 
may be so slow that  it  ~vould he legitimate to rcgard adiabatic eyuilihriuill as 
permanent. t 

Except for this the mathematical conditions are identical, ~vhether we assume the 
gaseous or meteoritic hypothesis. The present pap". deals primarily with a nebula i1-t 
which the equilibrium is conductive, but it  will he fouiid possible from the results 
arrived at. t o  obtain sorue irisigllt into the behaviour of w nebula in u-hich the 
ecyuilibriurn is par tially or nrholly convective. 

§ 4. IVhether we suplmse the thermal equilibriunl of the gas to be conductive or 
adiabatic, we are still uiet by the diEculty that  the gas equations break down over 
the outernlost part of ille nebula, tllrougli the denrsity not being su6ciently great to 
warrant the statistical ir~ethotls of the kinetic theory. This difficulty could be avoided 
by supposing that  the nebula is of finite size, and that  equilibrium is maintained by 
n constant pressure applied to the outer surface of the nebul,~. If  this pressure is so 
meat that  the density of gas a t  the outer surface of the nebu!a is sumciently large to a 


justify us in supposing that the gas equations are satisfied everywhere inside this 
surface, then the dificulty in question will have been renlove 1. On the other hand, 
this pressure can only be produced in n a t u ~ e  by the iiilpact of matter, this matter 

* G. H. DARWIN,lor. rif. ,  n n t ~ ,  
f 	Jhid., p+64, 

R 2 
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c~llsistiilgeither of inolecules or iwteorites, so illat wc: al.2 now called upo:1 to  td;r 
i l~roulltof' the gravitational forces exerted upon tlie nrbul;a hy this matter. '1'11is 
-\vliole question is, however, deferred until a later s h g e  ; for the present we turn to 
the purcly matl~ematicalproblem of finding the vibrations of a mass of gas ~ ~ ~ l i i c his in 
equilibriuni in a spherical co~lfiguration. W e  shall consider tn-o distinct cases. I n  the 
first, ecluilibrium is nlnintairled by a constallt pressure applied to  tlle outer surface of 
i he  nebula, this surf'tce being of radius R,. 111the secorrtl, tlie rlel~ulaestellds t o  infiuitv, 

arid i t  is assuinecl tha t  the ordinary gas eq~~ationrs TTrcarc satisiied svitllout limitation. 
su~)ljosefur the preseirt tha t  the gas is in tllerrx~al~ ~ L L ~ ~ ; ~ I ' ~ L I L L It l l rougho~~t .I t  is nut, 
lto~vevcr,supposed tha t  the gas is all a t  the same tenlperat~wt.; to inahe the cluestion 
more gelicral, and  to give a closer resen>blance t o  the state of things whicll may be 
su~~$)osedto exist in natui-e, it will be supl)ose:l tha t  the g i s  is collecteci round a solid 
spllerical core of radius R,,a21d the teml~crat~xre\vi11 be snl~yosedto fa11 off as we 
~aecedefkom illis core to t he  snrkce, the equation of corrcluctiori of heat b:.ing satisfied 
a t  every point. Fire sllall also suppose tha t  the gas i s  nctzcl upon by au e s t e r i d  
sydern of forces, this spstem being, like t h o  11eblll;l, spl~e~aicallysymr~retrical. The 
reasoil for these generalisations will be seen later ; it will ttt any time be possible to  
pass to less general cases. 

il'ire I ' i ~ i i i c i ~ ~ c ~ lVibrations of cc SpI-'hea~iccl.t,JTole~lu. 

5. We sirall take the point about \vllich the ~ieluul;~ Itis symrr~ctric:tl as origiil. 
will he corlveilieiit to  m e  1.ectnngular co-orcliu:ltes I[; y, T', in conjllnction vi7itl1 p o l n ~  

co-ordinates Y, 19,rl,. TVC sl::tll imitgino t l ~ e1reltul:t to  unclergo a small conti~nlous 
tlis~liicement; let the colnl)oneuts of' this I)e f, 7,  [, 1viiei1 referred to  rectangular 

co-ordinates, aud I / ,  YU,Y Z Vsin 0 when raf'errcrl lo  ~)c~lnrs.Thus the poixlt initially a t  

is found after displacement at 

The c1;lbical clilalation of illis displ:-lcemel~twill 1,e clenoted by A; so that 

I a 1 8 aw-- --
l.3 C : i z  

(.") 4-
fiin 0 %0, 

( c  sin 8) + -
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11igeneral we sllall d~11oie teiizl~e,.cctz~~.ctlle de)tsit!j l)y p, ~)i,cssui.eby m, by T, 
totccl poteutitrl by V, coc.$icir?~t o f  cortclilction o f  l i e c ~ tby  K ,  a1ld the gc~sconstccitt by h, 

the last of these being give11 by the equ' at'1011 

I n  the ccjuilibrium configuratioii each of the cyuantitie.: just clrfilied is a f ~ ~ n c t i o nof 
r only. 

If c is :illy one of these cIr~alltitics, TVC s1.1:~11 denoi e tlw 

Value of c ill the equilibrium configuratiol~, evaluated a t  x,y, 2 ,  by co. 

7 7 ,> t1isl)l;tced 2 9 ,7 * > , 9  co 4- c'. 
, ) , .  ) , ,, ,, a i  . 7 : $ f ,  y+r), z-4-C by co+cld 

Tlle c,,, c', c ,  are, of' course, not independent. Siuce c, + c, is the same 
function of' x + f, y +- r ) ,  5 + 5, as is c,, + c' of x,y, :, we have, as h r  as the first 

order of small qunnti ties, 

or; since c, is a fi~nctionof 1. ollly, 

S 6. Froin the ccjuation of continuity we l~;+ve~t once 

Since h remains the saw? throngllout the nrlotioil of any given elai ie~l t  of the gas, 

A , - 0 .  . . . . . . . . . . .  (4. 
Hence. from equation (1). 

m?i + ml = Xo (1'0 + '1'1) (P,, + PI), 
. .

givlrlg as tlle value of m, 

al= X ,  ('C1p, $ Top,)= X,,p, ( T ,  - AT,) . . , + . . (5). 

So long as we confi~ieour attention to a siilglo clement of'tlle gas, the coeflicient of 
corlcluction of heat is 1x-opo1~tiorialto the  square root of tlle temperature, a id  is 
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independent of the density.+' IVr therefbre hzl-v~,as fin. a s  the first order of' snlall 

Lastly V1,regarded as  the diflerence between V,,+ $7' and V,, is seen to be the 
potm~tinl of' a volllme-clistrib~ltio~i to -ct hich rnust he added :of mntier of tlensity 

(i.) The potential of a surface-tlistribt~tion o\-er the sphere 7- == It,, the surfitce 
density being 

- PO - 010) 11. -r It , ,  

-\.;here rr, is the nleall clei~sity of' the core, mid 
(ii.) The potential of a surface-clisti.i1111ti011over the sphere -- t2,, the stlrfhce 

density being 

1 pi, - PI ) 1, = I t , >  

where F, is the derlsitv of' the mectilxlrl ( i f  ailS') olltsiide the nebula. 
$ 7. W e  are now in a positiorz to llandle the rqnations of motion, anci of' conductiorl 

of' heat. For the elelllent nrllich, in the luldis t~~rhed h t e .  is a t  :r, y, :, tlie eci~xaticms 
of ~iiotion are tliree of the type 

Transforming to  polar co-orcliiiatc~s, tllesc equations are eclllivalerlt to 

. ,3271 1 2v' 
- -- r 2,'

7 '  bl l l  0 - = . . ( L O ) .
a 1 2  T sit1 0 r?+ p,,, i i r i  0 i?+' ' 

and. with the help of' this, equation (8) reduces to  

as f;zr as t h e  first order of s n ~ ~ 1 1quantities. 

* QOLTZ~IANN, 'Vorle~ungcniiber Gagtheorie,' r.01. I ,  $ 13, 
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Let us write 

so that 

theu equation (12) becomes 

and, by the use of equation (2), this is seen to be ecluivnlent to 

a z 7 ~- a, 1 a,, ~ P , A  
~ ~ ~ - a 7 . + p , ; j P 1 p t . - m , ~ , /  . .. + 

Equations ('3) a i d  ( l o )  1 to~~-lake the simple thrin~;,  

From these last two ecyuations, n e  obtain at, once 

a I a a.lij 1 a I 82,I .  
. .  -- - ( o s , l ~ j  = ( :3111 0 "1- + -r.7;yat2 {sin s as , 1" sin e a0 , ae 1.. sltl 0 a+" 

or, wl-1st is tlre same thirtg, 

5 8. 'L'he ecyuntiorl of' cortcluctior~ of 1lr:rt is, as f ir  as tl1c iirst order of' srnall 
quantities, 

in which p, K ,  T stand fhr p, $ ,', K, + K', 7 , + r' respectively. The notatioil is that  
of KIRCHTTOFF; orthe equation may pithe18 be writtell down fi-om first priuciples, 
regarded as a siml3lified fbrni of KIRCHROPF'Sgeneral equatioil.+$ 


Since there is thermal ec.litilibrim~l ill thc undisturbed configuration, 


* I<II:CHHOF~', ' Vorlesung~nuher die Theorie iler lTTcirnie,p. 118. 



Since K,), To:arc iilllctiolrs of only, Ill(. hr:lcltci on thct right-l~antlside of' this lastI *  

equation spin recluci:~l o  

;111(1, clci~reflof' i ~ c c e ~ ~ t c d  of ( ' (~i~ai ionsymlnols by the 1 1 5 ~  ( 2 ) , tllis taltes t he  f o l . 1 ~  

" ? r ,  

ex,,~ 1 ,  2~~arc,. ~.. + K, , V"'r, + K ,  02:c,,+ 

G I 7  c;/* -,/* ,, 

\Vith the lrrll) of' ecluntion (222). t l ~ t .1?1.ncket 111 tile ~ c o ~ i t l11:1i;>o f  (20)  rcdl~ct'st o  

Again, if w e  substitute for I<, the vnl~iefhrlntl for i t  in  ecluntiorl ( C ) ,  tile t t ~ olo&,t  
t Y ~ T I I Si t 1  ~ I I C f i ~ * s tliire oi' ( 2 0 ) CIII 1~ ;I\ [ i~l lons :i r :~~~s f : ) r~~ i~ ( i  

a ~ t dtlre last l)i.acl<etvanisllcs by eclu;itioir 1%1). 



C'ollecting ~.esuIts, alrd substi tutilig for p ,  fioa1 ccluatio~i (3) ,  fincl tlittt ec~uatioil 
(18) t:tkcs the fbrn: 

5 0. 111 adtiition to  tlie volut~le-ec~u:~tio~ls have just founcl, tliere are ~vl i ic l~ I~ce l~  
c e ~ t a i n  bouildauy coi1ditio;ls \\.hiel) must Ije szttisiietl. 'rliese are :ti; follo~\-s: 

(i.) 'l'lle pressure nnrst reinail, cotlstallt a t  t111: outer surface, 60 t l ~ twe l l l l lb t  

liarre 
-

[al] , -n ,  - 0. 

(i i . )  'l'lie tc~l lpe~atul .eirrl~st iac~nai~i i~nalteretlat I' =I: ito, or c.lc;e the ilow of 
r 1  t\vo s~rpl)ositiolls ielnper8:tturc: across tlle sut.ff~ce 1 .  = I t ,  nlust reniai~l ,L;'/.  1 1 1 ~ s ~  

(iii.) d siillilav t e n ~ l ~ r a t u r e  conclition must be satisfied a t  1.  rIt,. 
(iv.) Tlie kinenlatic;~l uitcl d ~ l l i t ~ ~ ~ i c a l  at the surflice It,1,ound;try collditiolls i t  = 

lilust l)c satisfied. These expless that  the llorrznal velocities sli;~ll be colrtinuorrs a t  
this surf~+ce; aitd tltat of tlle rigicl core shall be st~cll as IT-oulclbr: cttusedthe 1~-toti(111 
by tl-te forces acting ~1~011 it fj'oiii the gas. 

$ 10. Ec~uations( 1 4), (15) and (23) give tlle rates of' cliailge i l l  z l ,  A i t n c l  TI ILI ter~ilc, 
of these cyunntities. IrTelice these erlnations e i~ tb le11s tlieol.cticttlly to trace tlic 
clrtulgcs in ZL, A i~lldTI, starting frolu uriy ar1,itiary values of' 21, A, T,, clts,'clt ttnd 
c l ~ / d t ,~vhicli are such as to satistji the bounda~y  couditiolls. 

Iulagine itiitial vnl~ies of zl, A, T,, clu,'cll ailtl d ~ l c l t ,in wltich tlie latitude ttnd 
lo~lgitude ellter oilly tllrough the he tor  S,, where S,, is ally spl~erical l~arl~lolljc of 
order 11, Then i t  ctin be shon.il tha t  the solutioil tllrotlgll all time (so loiig as the 
scyuares of the displacenieilt lua,y be neglected) is such tha t  the  latitude and longitude 
elitell only through tlle Gtctoi. S,,. FOY,assuming a solutiol~ of this forsu, the value of 
V' fbuiicl in 5 6 will coiltaiil S,, as a factor, as will also pi, m,, m' (equations 3, 5,2) 

and x (equation 13). The saiilc is true of V2x, V2F, and V ~ U ,sime 

" Sectioiis 3-8 \Vera re-written ill Kovcnlbcl., LDO1. 1 ti.die this ul)port~u~ity csprcssiilg a]), t11;iiilisuf 
lo thc rcferoc fur. Lllc ca1.t: illid lr01lb1e 11.hic11 hc 11;id ] ~ C S ~ O \ Y C C ~1111011 111y pix'.. '1'0 hiln I am iticicblotl lor 
scvei,al iniyro~.cnlc~tts i i ~  tliebc ~ O L L CS C C ~ , ~ U I I S ,  p i ~ l . l i ~ ~ d i t ~  ~ \ ( ~ u l t i o ~ li l l  fur Lllc prcsclil fur111 ~f (.)3), it1!(1 i~lsu 
fur the rcmuval of t i  scrivils ii~;icc~~i.ar:y Croni I ~ I J Torigiiiiil (xjl~itl;io~is. 


VOI,, (.!XCl.X.- -4, ( 
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svlieref (I-)is r211y fuilctioil of 1'. It therefore appears tllnt every tern1 ill ecyuations ( 1.41, 

(15) and (23) ~ v i l lcolltaiil S,,as ti tkctor. Dividing out by this factc3r: we art: left wit11 
equgtioirs \vliich clo not involve 0 ~ x ~ i i l  0111' s t a t e ine~~ l .q5: :~lld this \-~rifies 

$ L I . ILL tlxcvc~foie f;llows tllat there are ljri11cil)al ~.il)latiollh"- in \~.llich u ,  A arrcl 'l', 
:we of tlle fosn~ 

11 =: AS,,elp/ . . . . . . , . . . (24), 

f c t i ~ s  I 1  bet\\ eel1 12,I I i c l  , 1 ,  ( i of I 111~:rel;~lio~li  I;, 0 tirlci IJ nulst 

i)e I i ~ ~ l i l  tile cc~uatiorls(LA), ( 5), ( 2 3 ) , L I I L ~tlre l~oui icl t~~ycollclitiolls.~ ~ ' ( J I I )  I 
The i;due of' p' f iw ille vibratio~l just specified is 

\Ye sllall in f i~ ture  drol-, all zero suffixes, tllthre l)eiilg 11o loi~gcr ally clanger of' 

coufi~aion. C'alculat i~l~ v' af'iei* the n-raiuler esplninetl in 5 6, \\-e iiid (c f :  'L'r~oxaos 
aiicl TALT,' Nat. Phil.,' 5 542), 

V' = VS/,CQ~~, 
where 

t l m  t lm 
m' = ml - t l  --

d t v  
= Ap (C - 13'1') S,L(:yJ1-

t l r .  
S, t~~7 i i i ,  

Sul)stltut;llg tlie assuiilecl ~o lu t io~ l s  1 1 ,  Yi, L~IILI :' \;iluchfbr 11 ~111~6 tlie coil e ~ ~ v ~ ~ c l i i i g  
fol: X,pl ,  ml, ill e ~ ~ ~ " ' ~ t i o ~ t s  (141, (15) ;-trld (28): and dividing thl-oughout by the fitctor 
S,,cif'/, me fiiid the relcCLt'1011s 

* In order to avoid circumlocutiou, 11.6 shall finti it con\ crlieilt to  use the terms " cu-oldiliatc "l~r l l lc i~~al  
ant1 " p~iilci11;ll ibri~tioll," a l tho~~gh  ullstahlc.71 c m e  igllorallt : ~ slo  nrhether Llle ~iebulais stal>le 01 It 

nil1 ultimately 1,c fo~uicltliLiLI\ c ol~ly ,~]>plyom. 1o5nlts to nc.l~lrl;ct:\\liiih: ~ l ceither btatblc: 01 ill the lirniti~lg 
s t &  of neutral ecjuilil)rilmi, 
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The hounc1;lrr-ec1u;rttio~lsfound in 5 9 r.ech~cet o  the following :-

(i)[( l  	 - KT],,_,:,=o . . . . . . . . . . . (32); 


( i )  C , = 0 or = 0 . .  . . . . . . . . . . . . .  

, = I { ,  

(iii) Equations similar t o  (33) nt I , = I:, . . , , 	 , , (R4), 

(iv) 	(A),,," = 0, when is different fro111 mity, or a inore coil~plex equation in the 
case of 71 = i . . . . . . . . . . . . . . . . . . . ( 35) 

$ 12. Fro111 the manner. in ml~icb <,he al~alysis Z~ns l)ecn cor~cluctctl,it will he clear. 
illat e17ery pvincipal vibration must either be one of the class just investigated, or 
else a vibration such that 11, A, ancl 'I' rnnish erery-\vherac~. 

For the latter class of vibration there are n o  fo12ces of restitixtiol~, Th t~s  the 
frequency of 1-ibration is zero, ancl the motion consists of the flow of the gas in closed 
circuits, this flow being entirely tangential, and the gas I~ehaving like all inconl-
pressible fluid. Obviously these steady currents are of no importance in connection 
with the cluestion of stability or instability. 

Disczrssio~zof fhc F~~epue~~c.yBqvrctt ion. 

5 13. Returning to the class of vibrations in which v, A ,  ancl T do not all 1-anisli, 
we have seen that the frequency equation is found by the elimination of F, A, B, ancl 
C from equations (28) to (35). Wow p oilly enl-ers into three of these equations : 
nalnely (31), in wllicl-I it enters through the factor ip,anc1 (29) and (30) , in which it 
enters through the factor -p h r  (il))*.Regarding ip,A, B, C, a i d  F as unknon~ns, 
i t  will be seen that the coefficients which occur it1 equations (28) to (35) are a11 real. 
The four volume equations ennljle 11s to deterniilre A ,  53, 6,nncl F except for cer.tziin 
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coirsta~lts of iii~tegmtio~l, and the values of thclscl cluairtitiei ~vill  be \~?Ilollyr e d  if $3 is 
real. The boundary-eq~xations enable u s  to tletermincl the constairts of int egratiou 
ant1 also proride an equation for ip. E~rery  t e ~ ~ m  in t l~es r  eqnntions n ill 11c real if i p  
is real. H e ~ ~ c e  the form the frequelicy equation call he \T-rittei?~ I I  

l-r-heref (x) is a fu~lctiou of n. in wllicli all the coefficierlts are real, tliese coeficie~~ts  
ljc>iilg fu~lctions of n nnil of t h ~  -cl1~nntities TJ-lricli rletcrmine the etynilil)~ ;urn configu~*i~ 
i ion of ihe ixcl~nla. 

11 ii,llo~v.: t h;lt I l r c i  co1ll1)lcs ~'oots of ij, \\-ill OCCIII* i l i  /):lir\ of t11(~fo1111 

\\-l~cl-ey nncl 8 IT 1)otlr real. ~s-liiclr real,l ' l i~rc11li3y also 1)e root\ f i )~  is p ~ i ~ * ~ l j ,  
Ilrai 8 = 0, nrltl y exisis ;~lolrc>. 

The sibrat ion co~~respondir~g;i ny tqooi i\ stnl)l(~ ~ u ~ s ~ : ~ l j l c  i'nh ic ,to 01 R C C O Y ~ ~ T ~ ~  

negative or posi tit-e. 
If the equilibrium configuration of tl ie nc.l)ul;i cl~:riige~,ill any col~tinuous mannel, 

so as always to remain an equilibrium collfig~rration, t h t  -\.:-llues of ill also eb:iilg:.ti 
in a manner, and for physical reasons tbesc \ a l ~ ~ e s  new]. l~ecoii-lc> ~ o t ~ t i n l ~ o u s  can 
infinilc. 'eI(lnce, if t h e  configurntio~l of .the nebula clianges fizom one of stability to 
one of instability, it lnusi ilo so by lx3ssing tl.rlaougll n configuration i l l  Ivhicli there i.: 
:I vilnratioil for vhicb y I0. 

5 14. For t l ~ e  ]?resent n7e shall not cliscnss the aduiil st:tl)ility or instability of nny 

configul-ation, hut shall examine ui~cler wli:tt r i rc~rn~stai~cc~s fi-om stability a t r n ~ i s i t i o ~ ~  
to instability c;tn occlu-. 

M7e therefore proceed to  searcli for configuration^ 111 ~\~liie11 a Ionsthere nve ~ i l j l .  t '  
such tha t  y = 0. NOTITfor such n ~ibrat iot l11.e I I F I I . ~  i'oot oC the fi.eqnency(litller a 
equation p = 0, or else a ]?;I ir of ~.oois of thc  fo~srli ip pll -& i8. 

1n the I n t  l r r  cusp the col.~~espontling a tlissipation of ellerg-yvibration i,s one in 11llicl~ 
(10~snot occur. A necessary conciition for such :t vil)i-;ttion is tlrnl no col~cluctinn of 
heat shall take place. Hence 110th hitier; of' tlicl erl~ration of cont'luction of heat 
(equatioii 3 1 ) nlust vanish. Excluding adi;~bilt i~ i110tio11 (represell ted hy l l i ~  
vanishing of tlir kctor  MPEf C,C:),  this co~iclition con11)el.r 11sto take 



T h u ~vibratioiis for which y = 0, if they exist, must satisfy ecl~xations (32) to (36), 
;~11$1 also equations (29) and (30), in which 2) is put equal to zero, and equation (28). 

T11c case of .rz = 0 will be considered later (5 28). Rxch~dingt h i s  for the present, 

me find that putting 2, = 0 in (30) leads to 

5 1 5. JTiil-1n view to trnllsfor~?iil~g let 11sconsitler the ecjllntiolithis ecju;~tio~~, 

in -\vllicllJ and iAare of 7%: a ~ l dKg.I<, are constants. Lf xi-e multiplyally f~~nctiolls 
l ~ y  I ,  : x~z i ltlifferentiate with respect to 7.: we o\>tain, aftel. some siml)lification, 7 s n i  

. .
~vhile1)ymultiplying (43) by r-ll and tliffel*entiating,we obtn~ 111 a siniilnr way31 



or, writing f fitr L1; and sii~iplifj-ing 

, ~ r t c ltlt is s a w  eqaalioi? co~ilt'll-~a~-c\ (-i5) i~istecttlof (41).heel-, tleiluctd f ~ o n ~  
Eqr~atioll(47) is nlori- gclke~*nlil ~ a i l  (43)  h i : ~ ~ t a I llt' K,,, I<, 11~i.tvri ~ \ ~olist:t~~tc; 

ctisa-pj,t~ared. Tit f i tc t  ei,uatinrl (AT),l~eirlg:.:L iIiKesei1tiii1etjuation of the S O C O I I C ~  tier., 
\\-illcolltain t \I-o a~bl)itvnl*yco~lsiailtsill it*< so l i~ t  : I  tlcl these rori 'e~~po~~(li011, to tfi(1 two 

~~tissingconsiaitts :\ucl R,. Tvc c.;lrt, ho~rtl\rci'.ililtcr~n\i~ltlK,,, K ,  i ~ rtrrms of' 

tllrsc t ~ v oarbitrary constants, allt i  if rheie co~tstixnts olioscti so ar l o  givc: t h ~  
r*iglit,r ah~es foi K,,, I<[, t b r  s o l ~ ~ t i o ~ i  he ecll~ivt~leutof' ( $ 7 )  r i l l  to t h e  crrzigr~znl 
i~quntion(43). 

To clctermii~eI<,],K,, p r ~ t1" = I<,in (44) i ~ t l t l\?-eol)t;bili 

TTcr~ccw c :  see illat t.ct~latioii( I:?) is rs;tcbtl~*c011;\ ;ilent to ih(l t1111cc~ q u a fions 
(47), (48), :xll(l (49). 

16. (:'ont]~~ring i,lllltt (42)  ii. t i~nctlveijlrivnkcttt t o(-42) \\.it11 (GI), it i ~ p p c ; ~ ~  t11~ 
tollo\\-ing rcluat lolls :-



so tliat if ~ V Cintrociuce :l Ilev quantity tr ,  clefinecl I)v 

'I'ltc sol tltiolr ol' tltis \\.ill be of [lie fi)nu 

E ( t )  + 1 ) . . . " . . . . (4, 

We iluve, fkcioi l l ~ e  of' (,i11 ~vllicl\Ti;,, E, are colistalrf s of integrution, cleti~~ition 

ttild tlrc eli~rii~iatioll of B froill this ecluatioit atltl (3!f) gives 

If \\.o itllagiilc this -\r:tlue for ( 1  :,ul.)stituted ill rcjuatimx (;16), we sl~ttllli:x\ru ;t 

tliiYercittial ccluat)io~~ A. of tliis 11-ill be ot' theof  t h e  seconcl o ~ d e r  hr The solut,iol~ 
for111 

J 4 z =  K L , / ; ( r )+ EJ;(Y) + 1 3 c ; , f ; ( , h )  + I<,*j;(?a) . . . . (59), 

ilk ~ ~ ~ l r i c h  of' iiltegr;~tio~~.i+'roi~itlli5 ~ i ~ l n e  of X \\reIC* ,tllcl 1C, ttro tllc ile\v ~ ~ ~ t s t t ~ l l t s  
cur clstiuce llle ~ t t l neso P  K nird C' (eq~~at ioi ts(57);l1lc1(51)) \\ itl~ollt il~troclucxug allv 
hwtl~er constauts of integration. 

'V171-rriitg l u  tlrc bounc1;lr.y coilditio~~i, \ L C  11.o~iiiltl t l~x t  there arc s i . ~  bt~mltlil~) -
cciuatio~~s ( 3 2 ) ,  (33), (34), (35), (52), (55)) :tllrl otdy thlzot.t o  be satisfied (e~~uat ior~s  
nrbitrary coi~sttillts ;&It our clisyusal, nianlely, the r;itios of the fbuv E's. If vrs 

ellinillate these E's -\ye shall be left with t h e e  ecyt~ations to c-leterniine tlie eonfigura- 
tioil of i l ~ e  ixebultt a t  which instability sets in, arlcl these ecyuatious ~~111  in gelleral'be 
illconsistent. 

5 17. In orcler to put the yigllt ir~ler~retatioll ul~oii tllis result, it -\\rill he liecessary 
to retul-ll to tlle gellei*;ilcclnntio~istot' &ec \iil~~xtictnsLi)und ill5 L2. 

I f ' 1) e cliitli~iato)?' fi.011~ecluatiolls (29) u1ic1 (SO), \vc of~ia i~l  



We tz~ayeorrcluc-r;tile eliu~i~r;~tioii  0 ii'o~lt t1)c tlji+eevcJl~:atio~is :Iof' 1%;L!I(I (R) i r l  

s , J ' J ~ I ~ X I ~ ~ C  tLS :---J l  l:LJillC?l' f'~)llO\\'~ 
Let D,, 11t. ;i rsyurbol 11-11ich is tisecl to tlcl i t  tti: ; I  11 \- lirlet:i+tliif'ei*ert.ti;\lc ) ~ ( ~ Y ; L ~ o z '01' 

c,l*clei%~ l ,  wit11 I(> ]I:\:,the rliff'er,.trtiations beillg I ' C ~ I C C ~  ,: The sv~~ lbo l  L * C ~ ~ ~ C I I C ~  

solely to tlre order of' tllc. highest cliRer~butial(:t~eiiicierrt11Ilic11 occlrrs, ~ ~ 1 d  i ~ tii~c~st J I O  

ctlhe hitve refelwlce to any 1,;~1*ticulai*iliiTel'e11ti;tl oper;itct~.. 
. 7

Illr~sj1.e n rilc D,, 
it rcliscri~ni~i:ttelyibi. c\-ri.yoperator o f  the hr.111 

i .  - 1 t-. 144. 
(ii.1 J )  <,h-b ll,.c/> = 1 )  > ,,,\. 
jiii.) I ,  I , =: I),,, , , ( / I .  



('lorresponding. homevtlr, to any t\vo specifiecl opcl-:~iors of orclcl* 72, say (I),), nncl 
jn,,),,it  will a1w:tys he possible to find t-vvo f~111ctions of' 7., say t c  and I ) ,  such tE1:tt 

2)' 


112 terms of this olxlaator, the three ecyuatioi~a (a )  (p. 16) may be wriitetl in the 
following forms : 

(D2A -i-DIR) + 11,B + DOC=: 0 . . . . . . .  (67)3 


No\$. D,  is comlnutaiire wit11 regal-cl to  fullctiolls of 7., a,llcl is of course comn~utative 
with regard to 1). Tlris enables us to eliniirratp Fl, anti C froill the above equations, 

To irzah~ t l l i h  clearer, consider a simple case, say tile pair of equations 

If we opera,te on (71) with tl/ t l i*,  we get an ecyl~nl,iot~of the fi>l-m 

ailtl froin this ai1d we call, ~vitlt the ilelp ot l11e l~ropel~iye:j~atioll( r j i ) ) ,  esp~essed ia  
eq~~a l ion(661, tleciuce ail e(1'uation of the 6,nn 

From this axid equation ('71) we ca,n in a silnilar way obtain an equation of the form 

W e  mag regard this ;ts an eqn;~iion givilig A, ;iutl slxbstitlxte fi)r A in ('7 1). in this 
IT-aywe obtain 

I )117)B+p2D . . . . . . . .  (72).
, , 1TI==0 

and the elimination of B 11:as been etfecteti. 
It ill be clear tha t  throughout this elimination nre have followed a method svhiclj 

C'would have b ~ e nsuccessfi~lin elinlinating A if tllclr. had been regarded a,, a mere 
~nult ipl ie~.The result of' the elimination is accortlingly exactly the saiue as might 
have been obtained directly from the original equations (70) and (71), by 
the D's as multipliers and elilrlinating according to  the ordinary laws of algeb1.a. 
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It will u o \ ~ -be apparent that  we car1 eliininale illlv i11~0of the tlrrev 11nlino\1711s..I, 
R,;1,1idC, from e(tuations (67)-(69) by this nlethocl. 'I'IIP dif%rontial rq~l :~ t io~~sat isfiii 
by the re1a;iiuing uiikilown (say A) will he 

M7e iila y expand this doterminaut ncco~-cling to the rules already 1;ticl clo\?-i r ihi. tiic-
o~anipulalion of t,he Il's,and so obtain 

5 18. Wc cniz now see the cxplawltion of tlit, diflicully wl-rich occu~red ill 5 16.  

'fhe occurrence of the term D, in A points to a t1iRerenti;ll equation of thc: sixth 
order, ~vhich is satisfied by any orlc ol' the quantities -1,B, or C1 in the general case, 
ia which 17 does not vanish. As sootl, howevra., a s  p if; put ecj-rial to aer.0, the 
explession for A reduces to D,, and tbc tl iff~~entinl ccjlration is oilc of the :i)uvth o~dei* 
only. It therefore appears that  hy putting p -.I. 0 [)?fblsc! solving the tliffereutinl 
ecluations, the o~t ler  of these equations is redi~ccti a,ntol?iaticwlly, ant1 two solrilionb 
are entirely lost fYom. sight. 

These two last solutions, it is easy to see, are so111t:olrs ~\lrit.lr do not appl*o.;in~ate 
t o  a definite 'limit, wheu 21 approximates to zero, f i~nr'Uhr ~*enr;~inil~g sc )jut fo11s TI111 
al>l"-.oxirnatc to the same foru~s as no111tlIle ohtitinccl 1)). putting 1)  --- 0 bt.ihr.e solviug 
the differential equations. Thus, instead of equalion (sir), we must m i t e  the conlpletc 
limiting solutioii for A in the f0a.m 

I,;, A =Elf; 0,)+ E, (1 . )  $ E.,rhj(Y)-+ E,J; ( 1 , )  E5*p,( i 2 , l i j  -.,I- F,,/'b (.s..,p)*. (76).I ,  

j l -=  0 

* 1have not fon~icl i t  possiblc to iil~est~igate the fovm of these iu.0 last soli~iiorr;in t,he gciier;il c:ise, lmt 

it is easy to  ex:~niine the 11atu1.e of the solnt~io~rs : ~ ti~ifii~ifiy, the ~ ~ e l n ~ l a  to i l l  (init,!', itlid thisT V ~ B ! ~  c x t ~ i i d ~  
eii;~l~les Anl~posc~t21:~tus to form some idea ;rs to the gevlera,l riature of the ~olir?~ioi~s. a,t ilifi~iitywe have 

in ~vhichoh is red ,  then i t  can hu shown that A -:r,h ( I . ,  p )  .a', &c., irr ~rl?icllA', li', C':', are fmlctioni; of 
7. only, and 

, -
fh (r ,p )  = i . - " ! 2 / i s p )  + I) i,-":?,:I.q]?)E5cos (2 ,,&F-$--f) + Etisin ( 2  Jcla ( 7 4  

when the negatire sign is taken ill the above ambiguity, the circular fllnctioiis hejrig replacsd by hyperbolic 
functions wl-1e1t the positire sign is taken. The value of is ~vholly real when squares of 221 mag be 

neglected (cf. $ 13). 



MR. J. H. JEANS ON THE STABILITY OF A SPHERICAL NEBULA. 1$1 

If we deduce the values of B and C from the solution (76), and substitute in the six 
boundary equations the values so obtained, we shall be left with six linear and 
homogeneous equations between the six E's. Eliminating the six E's, we have a 
single relation between 71, the constants of the nebula and p. Now it will be seen 
that i t  will always be possible to pass to the limit p = 0 in this equation, since this 
amounts only to finding the m t i o  of the values off, or f,a t  the two boundaries. 
The equation obtained in this manner will give us a knowledge of the configurations 
a t  which a change from stability to instability can take place. 

§ 19. It therefore appears that it is riot sufficient to consider vibrations of frequency 
p = 0 as represented by positions of "limiting equilibrium." The method of 
POINCARE*for determining points of transition from stability to instability is not 
sufficiently powerful for the present problem; indeed i t  appears that i t  is liable to 
break down whenever there are boundary-equations to be satisfied. i-

It is of interest to notice that this complication is not (as might a t  first sight be 
suspected) a consequence of our having taken thermal conductivity into account. 
For we can put C = 0 and remove the equation of conduction of heat without cauaing 
any change in our argument, except that the right-hand member in equation (74) must 
be replaced by a determinant consisting only of the minor of the bottom right-hand 
inember in the present determinant. The value of A is now 

a =p?DD,+ D,, 

and the number of boundary-equations is of course neduced froill six to four. Thus 
an exactly similar situation presents itself, although we are now dealing wit11 
a strictly conservative system. 

The consequences of this result are more wide-reaching than would appear from 
the present problem, inasiilucll as all problems of finding adjacent configurations of 
equilibrium Rre affected. For instance, i t  appears that an equflibl-ium theory of tides 
is meaningless except in very special cases (e.g., when the eleillents of the fluid in 
which the tide is raised are physically indistinguishable). 

If we attempt to calculate by the ordinary methods the tide raised in a mass of compressible fluid by 
a small tide-generating potential, we reach a number of equations which are (except in special cases) 
contradictory. To take a simple case, suppose we have a planet of radius Ro covered by an ocean of 
radius Ri, the whole being surrounded by an atmosphere which maintains a constant pressure rr a t  the 
surface of the ocean. Let the law of compressibility be w = cp, where c varies from layer to layer of the 
ocean. Let the tide generating potential be a,l.~lS,. Then the equations of this paper will hold if we 
write y = 0, C = 0, ignore the equation of conduction of heat, replace AT everywhere by c, and include in 

* " Sur 1'Equilibre d'une Nasse fluide . . . ."-'Acta. Math.,' 7, p. 259. 

t There is not, of course, a flaw in POINCARE'S
analysis, but he works on the supposition that  the 

potential-function is a holomorphic function of the principal co-ordinates, and this supposition excludes a 
case like the present one. 

D 2 
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V a term Equation (39) gives (except in the special case of c = constant), B = 0. Equations (50) 
and (51) remain unaltered, and give a solution of the form 

A = Elf,(r.) + E, f2(r). 

Now we must have A = 0 when r. = Ro,and this determines the ratio E1/E2. Also equation (49) must be 
satisfied, and this leads to a second and different value for E1/E2. 

A second example, of less interest but greater simplicity, will perhaps help to elucidate the matter. 
Imagine a non-gravitating medium in equilibrium under no forces inside a rigid boundary. Let the law 
connecting pressure and density for any particle be w = ~ p ,where K varies from particle to particle. In  
equilibrium w has a constant value w o ,  Suppose now that we attempt to find an adjacent configuration 
which is one of equilibrium under a small disturbing potential V. The general equations of equilibrium 
are three of the form 

dV - 1 clw 
c l a ; - p 2 i a  

If the position of equilibrium only varies slightly from the initial position, drnlclx will be a sm:tll quantity 
of the' first order, so that (to the first order of small quantities) p may be replaced by its equilibrium value 
Z J ~ / K .  We now have 

and therefore, since .tr is a single.valued function of position, 

the integral being taken along any closed path. Since V and K are absolutely a t  our disposal, this 
equation is, in general, self contradictory. What we have proved is that there will only be an "adjacent" 
configuration of equilibrium under a potential V if V is a single valued function of K ,  a condition which 
will not in general be satisfied by arbitrary values of V and K. 

It is not difficult to see the physical interpretation of this last result. There were initially an infinite 
number of equilibrium positions, and therefore an infinite number of vibrations of frequency y - 0. To 
arrive a t  the configuration of equilibrium under the disturbing force we must imagine vibrations of 
frequency p = 0 to take place until equation (i.) is satisfied; the disturbed configuration will then differ 
only slightly from the configuration of equilibrium. For instance, if the disturbing field of force consists 
of a small vertical force g, the fluid must be supposecl to arrange itself in horizontal layers of equal density, 
before we attempt to find the disturbed configuration. 

The interpretation of the result obtained in the first instance is similar, but more difficult. Consider 
a linear series of equilibrium configurations, obtained by the variation of some parameter u, such that  the 
spherical configuration of our example is given by a = 0. The other configurations are not symmetrical, 
the asymmetry being maintained, if necessary, by an external field of force. Every degree of freedom in 
the configuration cc = 0 must have its counterpart in the configurations in which a is different from zero. 
I n  particular, the principal vibrations of 5 12, in 117hich (for the configuration n = 0) the dilatation, normal 
displacement, and temperature-increase all vanish, must have counterparts for all values of cc. But when 
n is different from zero, the above three quantities cannot be supposed to all vanish. In  general, therefore, 
these degrees of freedom provide solutions of the volume-equations, and these solutions contribute to the 
boundary-equations. In  the special case of CL = 0, these solutions do not affect the boundary-equations a t  
all, so that to rectify the boundary-equations we must, so to speak, take an infinite amount of these 
solutions. In  other words, the complete vibration of frequency p = 0 heconles identical with one of the 
vibrations of 5 12, in which u, A, and T1all vanish. 



5 20. Tlrt us no\^^ examitlc the forni assullietl 1)y onr ccjuations in the simple case in 
~vk~ic l~  W e  find tha t ,  co~lside~iiigX r21td T are tile saint: a t  all points of tl-re tlel)uln. 
o111y the ecluationi for the cast of 17 = 0, equation (39) reduces to 

and, in virtue of this simplificatiou, the equation of conduction of heat ( 3 6 ) ,  and the 
tivo thermal I~oundary coiitlitioils (33  nut1 34) are satislied icientically. V6Te are left 
~v i th  equatioii (55) to be satislied throughout the gas, and ecluatioiis (32), (35), (52), 
and (53) to be sa-tisfiec'l a t  t lte 1)ouiidaries. 

The solution of equatiou (55) is given in equation (56). XOTTTIT-e ili11st satisfy 
equt~tion(32) by taking B =-- 0 a t  9- = R,,and this, by equation (50), gives the value 
of A a t  1. = It,  in terms of E, and E,. Heme equatioii (52) reduces t o  a homo-
geneous linear equation betn-ecn E, and 13,. 

JTiTheii 1 2  is different hoin unity, vie satisfy e c ~ u a t i o ~ ~  0 a t(35) by taking A. = 
r. = R,, and this reduces equation (53) t o  a hoinogeneous linear equation 1)etsveen 
E, and E,. 

JVhen 1 1  = I, equation (35) reduces to a linear equation between (A),=,", E,and E,. 
Equation (53) is n second equation of the saine fori~i, and the elilliillation of (A),=,o 

from these two ecluations leatls to a l-ion~ogeneous linear equation betm-een E, and E,. 
Thus, in either Gas(>, we see that  the whole system of equations reduces to a pair 

of horriogeneous linear eiluatioils bet\\-een E, and EL. The elimination of these 
cpantities leaves 11s with n single equation between .;L and the coilstants of the 
nel~txla. 

We call, therefore, satisfy all the equatiolls for a vibratioli of frequency 2) r= 0 by 
imposing a, s;nglc relation upo;~ tlie constants of the ilehula. The uilkrio~~rn solutious 
which are multiplied by E; and E6have ilot been taken into accoui~t a t  all, but since 
tlie corrdition that there shall be a vibration of fi.equency p = 0 must of necessity 
reduce t o  n single equ:ttion, i i  will be clear that if these solutio~is had beein taken 
into account, n7e shoultl have found it  necessary to take Ej = E, = 0. 

Thus, in the case Ivr are now coi~side~ir~g, = 0~vl~ ich  a vibration of frequency 22 

is equivalent t o  a configuration of' limiting equilibrium. It is l ~ o t  llarcl t o  see that  
this results from the ftict that the particles of which the l~ebula is coinposed are 
physic:tlly inclistiuguishable. Tliici very ft~ct, hon-ever, iiltroduces a further coml,lica- 
tion into the cyuc.stion. It will be noticed that,  although the value of f has beell 
f'ounil a t  every l,oii~t of the uebnla, it is impossible t o  determine the separate values 
of A and 8. On the other band, the pl~ysical vibrc?,tion must !lave a, definite limiting 
forln \.\.hell 13 = O. BOXITit is easy to see that  tt 111otiot1 of the gas ill which 

vnnis'rles at ('vc1.jr l ~ o i ~ r tof' tlic gk~s, aii!l i l l  w21icll A arid R vaiiisll separately at the 



I)oundary, will, in every cod igu ra t io~~  wit11 p =r: 0.of the gas, satisfy o11r e ~ ~ ~ ~ a t i o n s  

Snclx a rnotioi~:in  f'act, silliply leads t o  a configlrration wllicl~ is pl!ysicallj-
i~~t l ; s t i i~guis I~a l~ le  tultl i n  tial cnergy fro111 the illitial config:.r~r:ttioi~, n~lilchthi. ~ j o t ~ n  

ri~lnains una l t r~~ed.  Tlie 11iotio11 T T T ~ I ~ C ~ I  1 1 2 ~ ~  our ecl11;~tions is tlie c;nniSIT? Ound i;~c;r~~ 

(,I' u iilotioi~of' thi9 kind, and n true limiting vibration. Bt is impousible to sel~ar ate 

t,hr two niotions, except by considering rihra tions of (1ueiicv cii flkrei~i fro;n zrr-o, 
but fortunately the question is not olic of airy in?l>oi~tilllc'r, 

5 21, L3t us now attempt to  forilr the Ii11;21 ecjuatioll in some cnsefi of hteri;st. T l ~ r  
eclxmtions of an isotl~erixial ncl)nla a t  ~ . c ~ ; t ,  it,^ ow11 gr;tvit;%"riou have beenurttler 

discussed by Prof~shorI)ARWTS.* OIIYf~r!lction 21 (etil~:ttlon5 4 )  i-: !;i\ en, in the case 

ill wliich t he  nebula is isotlie~emal, by the ecluatioil 

and i t  will he seen tha t  this is the salile :IS t l ~ c  t i  PSO~CSSOL. it^)^^, Ti0 1 '  I P a \ ~ t ~ v ~ ; \ ; ' ~  
appears that  ilr general . r ~callnot be esprehsed n.; a fi~r~ctionof i o  i l l  ii:~ite teri-~ls, but n 

table of ilunlerical vali~es of I I  is givei1:l; 'l'lle vn111e of" 1 :  ::pp~c,xin~:~tc~i olicnllyasyixl~t 

fiorn v =  O to  1, == m ,  but it is obviolis Illat we may, \;~itliout clistnrl~ir~g the 

ec~uilibriurn,re;)lace llxat part of tllii 1xeb11la wllich ~ x i - ( ~ ~ i ~ l : i  I' 0 to i t  r-lIt,)1)yfi'oiii ---

a solid core of 111;~s~ W c: Irl:lyequal to illat of' tlie g;l:; \;,rhicll it ~ * t l ~ ) k ~ c e h .  illso reliiove 
that part  of tllc aebnla v\.hich extentls frol-ri I *  --= K, io :* - =  cn . if we sixp,riosca pre45111.e 

lo  act upoti t l x  surf:xc~x ,-:= R,of a l i ~ o ~ ~ t l t  ccjnnl iil i lie j ~ ~ ' e ~ ? u r eof tlie pw;,it this 

s r~~face .  N7e luny suppose the mecli~ial outside i l i i i :  srirfacc to 1,:: o i \ ~ r ~ yIcintl \ \  e 
please, hlzt as it has already l)cun poilri~rlout t l l ,~t  ii:c 1'1:w,711c czn, in nalulcL,o;li,v Ile 
rti;~intainedhv tlte impact of nra t te~ ,we ~i~:-hliujjpose tliat tlli.: 11lntttii2j b <:o!' ~ l i ~ n i j ; t ~ir 


wl~icll is co~i l i t~~ious  with the  density p of i ; i e  !~.-i,~rl.l  > t tlic .:I;? t ' i c ~ lof .;cjl:tr;itic,tl. 

'd:(b may no\\- write ~cjuatioli (52) i l l  tile .?i~ultie i'ot n l  

MTehave, up i o  the preser~l, supposed tlre I IC '~) I I~ :Lto i ~ c t e d111,o~iI)y tt spliel-icall\;. 
sy:~lmetrical i;ysieiii of forces in adclitio~l to  i t h  own :;I.;\ \ i taticn. No\\  it is rbbei~tial 
LO the plan of our investigution that  \Tre shill1 k)e ni,!e t o  ~nlrikethe eo~l!igrxratioi i of tlle 

~lcbula vary ill Rome contii~uous nianner, : C I I ~  this cot11j ~ t x l b j  iitl t o  rc+iill t l l i c ;  gellernli-
.;ation, W e  shall, I~owever, suppose tlla i w11en the twl~nla estcrl:ls t o  ;afi11i ty, 
11 retains soltic definite limiting d u e  ti,, Shtr:: ii~clutlirtg the fi ee ncl~uln as u 

sp(~cialcase. 



1IF'L. J. FI. ,TE IKS OX THE STABILITY OF A2 SPHEItICSL NF,P,TTI,A. 23 

5 22, Let us, in the first place, coilsider the " series" of nekuk  ssllch that ? L  has w 
different constant value fbr each. This series includes a single free nebula, fov it 
appears from Danwrx's paper that there is w aebnla sue11 that ?fi = I a t  every point. 
This nebula, i t  is true, has infirrite density a t  the centre, but this objection disappears 
when the iilrlermost shclls of gas are replaced by a solicl core, the mean clensity of tlie 
core being equal to three times tho density of the gas a t  its surface, and therefore 
finite. Let ns, in the first instance, simplifjr the p1.01r31~11n by supposing that the core 
is held a t  rest in space. The boundary equations (35 and 53) which have to be 
satisfied ,zt yi == R, now take the forms 

iiiciepclldo~itly of' the valric: of' 71. The v;ilne of r r  in ecl~~ation (55) being no-\v 
it!del~endentot' I*,we ]nay write the solutiol~ (56) il l  the forin 

in ~vLiIc11p, p,' nre tlle ~$ootsof the quncirwtic, 

The elimination of E, alld E, froin these ecyuntioi~s g'7 ~ v e s  

Tl-ie tisaction on the 1.igl1~ it;tl~clcall he simpliiietl by the help of equations (84) ; i t  

Non- the left-lnaild nlcnlber of (87)  may be replaced by 

c~~s l l{ {  ( p- p')  log (lti/liO))+ siilh {A ( p  - --'.I) log (ItliRo))
.----

C O S ~i ( p  - p') log (X1/RO))- sin11 ( 5  ( p  - /L') log (B1/R,)) 



'h'ilis ccluation t;xpJ2esses thc rclation I\-lliclr 1lil15t exiht l~et\.i p - p'r c u  ii, it,,~ ; ~ - i t l  
(or, nrl~atis the sarne thing, betnreer~ i t ,  [loant1 / I ) ,  Lir ol*d~i.i l lat  i )  = 0 1 1 1 : ~ ~be n 

solution of the frec~uency eyu a t'1011. 
$ 23. We shall be able l o  interpret this most easily by atlopti~tg a c c l ~ ~ : \ l o ~ !  

graphical treatrrtent. If we mrite 

x zz & (p, -- /A')?, y l = -
2 (?b -I- ;) 

- 9 y2= 
7 

Lai1111J<log (13L/130){.,
s 4- (n + &)2 

11 \\-ill he noticed that  y, r e i n i i i ~ ~ ~real 11 i tw  .r is; i:et;;~iir-e,an ecl~~i~-alel i lexprcssiot) 
f o ~y7/?b ~ i n g  

-

g, =. v/=L tar1 ( J-- r: log (Il,iH,,)). 

7 1I lle roots of (l(111ation(87)n1.e iiow rey,rase~~icttl lty clle interseci iolis of' the g~nl)hs 
~s11i~11are o1)taii~edby plotting out y, aitd ?I,/:as iirr~ctioiis of' x. ' 3lllcse t s ~ o  graph,.; 

are given in figs. I and 2 respectively. the graphs iiciilg drawn separately foi* ?he 
,uke of clearness. The graph for y, is. of co~~rsc ,the same llir all values of R,,'R,; 
tllat for y, call be varied so as to quit arly V R ~ ~ I ( :of 111,4i,,!)y ~11p1)osi11git  snhjectetl 



to ail appropriate uniform extension parallel to the axis of y, and contl*action parallel 
to the axis of x, or vice cena. Hiluilarly, different T dues  of (7z + 4) can be 
represented by coiltraction and extension of the firid graph. 

If we iniagine these two graphs superposed, we see that there cannot, uilder any 
circumstances, be an intersection iri the region in s~rhich x is positive, i . e .  (ecj-uation 
( a d ) ) ,  for a value of u less t l ~ a n  & (11 $- *)! an inter-The lon~est value of 71 f;)r ~ ~ h i c h  
section call possibly occur is ZL = 1,  :~nd this occurs only ~vhen Tb,/R,, = oo . As I_t,/R, 
decreases from infinity downn-arcis, tbe lowest value of 11 for ~vllich an intersection 
occurs -\\-ill contiuually increase. Whatever the value of R,/It,, ruay be, tllere aye 
always all iilfiilite ~ i u n ~ b e r  u> 4(lz + $-)?.of intersections iii the region in ~vl-lie11 

The values of t c  fouild in this way cleterlnille the " points of loihcatioil" 011 the 
linear series obtained by c;lusirig LL to vary co~lti~iuc)uhly. Thus we have see11 that as 
t c  continually increases the first poillt of bifurcatio~~of' orcler 'rl, is reached whet1 2; has 

value whic11 i s  ;tl\v;tys greater than a (lz +$)" V?lieil R,/R,, is -\7e1y large, the first 
110ii1t of lr)ifurc;~tioll is of' orcl014 7% = 1, slid its l>ositio~i is giver1 by 

5 24. I,et 11s; ill future, collfitie our ntterltioli lo tile case iir \\-1ticll Ptl/lt,  is very 

large. If' \ve gi.;-ldlxally rt:iuLo>e tho restrictiolt t11;~t ot*9 - ,21 is to Le i~l(lel~eilclerlt the 
val-ious vibr:itioils of frecluency 1) z O ulairiler.-\\.ill xrary ill n co~~tinuous 1i:cyuatioil 

(35) i.t.ni;xins u~raltereti ill form, ancl, : ~ ti i l j i ~ l i t ~ ,  f;)rllli t  assu~iles tllc cletii~ite limitill:; 

~vhere~ c ,  is the limit (huplx)sed definite) of' zc a t  illD;~lity. T t  tllerefbre appe~irs tllztt 
a t  iilfillity t l ~ c  solutioil for f al~proxi i~ia te~asyniptotically to t11:tt given by ecl~iation 
(82), if p, p' are now talcell to be the roots of 

Equation (83)  accordingly reinains uilnl terecl. Ecluation (81) takes a form which 
is no longer repvcserl ted 1)y ecluatioi~ (8Ci), bu t  \vliicll \\rill iillpohe soille defiilitc ~ r tio 

U ~ N I LE, c21tcl 13,. It is tlrereibre clear that, \\.l~eilIt1 is very grea l, ec-~uatioll(85) cnli 
01113. be satisfied, ; k t  :my rate so long- as p all~l  p' are p - /L' veryreal, by t i t l t i~~g 
smt~ll. Thus :L poilit of bifui~cation ~vill again be gix-en by ,u - p' 0, our previous =f 

investigation suflicing to show that  this gives ;I, geilliilie solutioll t o  our 1wol1le111. nlld 
does riot correspond to an irrelevant hctor  iiitrocluced in the tra~isfo~.i~lation ourof 
ecyuutions. 'I'his point of' bifilrcatioll is nioreovets tlle first one reaclletl as 21, in~:reases, 
siiice it  is :kt t l i c ~poilit at  \I liicli p, p' c1i:~ilge fro111 being real to being coi~~plex. 
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?!-e co!lch~de tiltit, i~lcleljel~clently \-dues of a t  points ir~sicle ilie ilel~ula, oI?liu et 

t l ~ esilrallest value of 71,  f;)r wllich ;L vihratio~rof zero i'reclrleilcy tti i t l  of orcler 72 is 
])ossil,lt~is given l)y 

=;0 2  4-'$1' * . , . " , (!12), 

c,r, i;,r ail orclers, is gil-cn I ) ?  

t11(~li111it111g 1)ciug 0 1  1 1  := 1 ,I i l)r:~tioi~ o~<Ser 
I t  ought to l ~ e  lloticed tha t  ibr \ i l ~ r ~ t i o i l  (82) fails t ot l ~ i sIi~nitit~g c ~ l ~ l n t i o ~ l  

rc;l~'t~\(:lltt l ~ c  i(I(~ltlc:-tl. ' J ' l i ~ t n ~ eh o l ~ ~ i i o ~ ~ ssolutioi~ owing to p :~nc lp' I I P C O ~ I I ~ I ~ ~  for 
rc.nl. eeiao. :\lid i l~agi i l t~ry  o f  p - 130 1)11t r051)cct ivtbl\' ~ I Itllc for111s T~~ l l l e i  I ~ I ~ I Y  

i11 ~ v l ~ i c l ~  of integi :xi ion. (1,ant1 E are C O L I S ~ R I I ~ : ,  

, I t  ii~iinily p v;x~iisl~csto the o~,tlrr of' 1 /7"', SO illat clp,'ti7*--- - 2p/,.. The \ alllc of 

,$ fi3r very great vnhles of 1. is t11erefc)i-c ( ~ ( l l l ati071 (50)) 

11t illc oliiei~ l)ou!rcl;~ry ;i s a r f ~ ~ c e  directs us to take 13 =- ecluatio~! (rS2) 0 .  

li'ollowi~~g \re firltl 'clixt a t  ii~finTty A is o f  tile h;~ilie order t11ereli)rethis 0111,  f ,  :LI IC~  

IIecumes i d i l i t e  to the ortier of J 7 ' .  S11jq)ose~(ill tIle o t l~er  IlailtI, illat we start  by 
t:rliillg 11 = 0, so that  R = f Xrl't*. Tlip v;~llxe of' I: tlo\\- \-unisl~es a t  illfir~itr to the 
ci~tlelof ill/,*,n ~ l d  tlle surfi~ce-equatioil (;?%I i s  rntidicd 197 :L motion \\-hiell vanishes 
a t  infillits-. T t  wo-nld therefore allllenr to be ensiei4 to r;ati.;fy the bo1xnd:;~ry coiidit;ons 
mllen 1 .  is actually infinite tl1n11 I T ~ I P ~I '  i h  iilerely ~ - e l y  great. Tllis i,esult opeiw up i i  

so:ne\\~hnt cliffjcult (1upstioil, ~vliiclt ~irill l~t: colibi tlercd ii 1 the ilcx t sectinl~. 
I3efi)i.e ]):ts\ii~,g 011. \;re 1ila-y c ~ I L s ~ c L ~ : ~E J I  \\'ll;tt \\;iy tile 1ei111t~wllic11 11;~xe :1,1rc;id>-

I ~ e e l ~  !I 111 l~loclifiecl,it' I\ e nupj)oCc th(% c o i ~  of tlic 11e1)ul:rto 1)e 1i-ee 1 oo l ) la i~~r t l  I:tl 

nlove i r l  s p c e ,  i1rstc:ttl of heing hold fr~si. For the free ~lubulet ?I, -- 1, so that our 
restrlti she\\ tllnt EL fiee nel~ula. ~~Tfill be ,stnhltl if the eorc is supj~osed fixed. Tllc 
same must therefore obviously be true mlleil the core is free to  move, since a motion 
in nrlliclt 11sl)ula ancl cot-e Illove us a siilgle i'igitl I~ocly will iiot i~ l f lue~~cc  -the polentisl 
erlcrg~-. 7Vhelr the ~rel)tlla is not kcc. fixills I 11t. i i l :~?~ ;IS i~ l ipos in~r o i ~  I)c rcg;~i.dt~cI 



a constraint whicll does 110 17-orlr; freeclonl of tlre core therefore teilds to\v,\.arits 
instability. It will be proved in 5 28, that  a nebula is stak~le for values of u, ~vhich 
are less t l ~ a n  the critical value, and urlatable for - \dues  greater il1;tlr tliis 7-;blue. 
Assuming this for the 111omeilt, we set. that s liebula in whicli the c o l ~  ih  free to move 
must neeess~~rily be unstable if zt, has a -\-aluc greater t21:in I b. 

If then, we start 1i7itli a free mbula a i d  imag;ine u ,  to gradually increase fro111 
u, ̂ - core that Ihe nebula irill first becniile 1 up"rards, tho being fiee, ii, f'ollo~~.i.s 
~l ls t i~l11~\~Ilellt i ,  ~ ~ r t t f l t . " :c t ~ ~ ~ ~ l t '  \LICIJv ~ l u e  I li:i i 

$ fi. T l ~ ciri~huln ~xtcniling to infiilitv, Ict L I ~aitJenijjt to  fncl rile tlisl:l:~ccnle~li 
u llich will be c:t-tlsetl by a srliall tlisturioirlg ]loten ti:tl u,, givi.11 I)y 

It is clear il-tat the clispl;~celnent reclni~~ecl \\.ill I)e gi\-en Ijy our cicluations if we 
il~cluclcin V (ccluntion (27)) the ternts 

'L'11e ecluatio~~replacing (42) nlay be tmnsfornzed in  the manner of 5 1 5, ant1 the 
resulting ecluations will he those of 5 Iii, cxcept that inust rej3lnce (52) by 

ant1 (5;:) by ;L siiililar eclu;ttio~l. 
IS a clisplaceniri~i can be f;)lulrl .lo satisfy these ~llotlifietl equations, the external 

tlistlxrbi~~gl)ot~ntial  1~11ic11 rill be required L o  lloltl the  syste~nirr this disl>lacerl 
positjon will bc g i ~ ~ e n  Y ow tlmt this displace*dby ecpation (94). the contli t ion 

position shall be oirc of limiting eequilibriun~ is tliat this clisturbi~~gpotential inuht 
v;~nish. To be more precise, v,, i i~ust  be such that tilt: fhlsce derived f i rm it  vanishes 
at every point of the nebultl. W e  m11st therefore Ila\re 

a t  all p o i ~ ~ l s  X,. :\To\\- (95) nlay be regarcled as anof the rleb~lla, inchtcli~lg i s = 
ecluation g i~i r ig  ccc, ill terms of 11,. Ti\ki11sp =cr,, LLS bpl.ore, \;re fincl fr20m(95) 



and this vallishes a t  all points, incllzcling i t  = R , ,  ill the case in wl~icliIl, is put  ecl1lal 

'I'he contlition Ihat a,,,ii""' sllall ranidl s t  eyery point st-oulcl lead to a similar 
equation to Ire satiified at  the origin, if3there were no core. Tf, llon-ever, sve retail1 
t l l c .  corc, it I(~a(1s io11its (81 ), -\shen the i o  the saille i~llzal wns fiii[nii in 5 22 ( e ~ ~ t ~ a t i o ~ t  
cot.o ih  lleltl ;it i.c.st), roc1 o t' f i  l ~ t  2 : : ~ p08itioi1 of I iniitirtg'l'hlls, out. l)rr.wrii 1nt~11 lit-rg 
(~(~ni1i1)1.in11t1 ~ ; ~ sl t ~ l1o n rrsr~lttli lTt.rcnt tll;~.l l)y the searclr for al ' r~ ) l i~  I i l  ) l ;~i~~ocl  

viliration of zero freclurrtcy, in tiia.t eyuatio~l(17) rel~ltlcesequation (79). 
'L'hc ic i l ~ ~ ~ 2  a t  irltil-tity i:, given 11yequation ( $ 2 ); l1r111rt: I , < ;  scof IT-(> 

11s !)~ihre,t , l ~tv[~~:~tiuiito 1)t .  sxIidi,>(l:\I ,- !:,, ~ ~ ( ~ ~ ~ I ~ I I I ~ I I (  13, to T < ,2-- F, (11(%r'itio of : 

erl118tiojl (97) is thcrc.fol.c sa lisfietl i i '  1111. i.c:il 1);rlbls01' p ;111cl p' ; I Y ~each less tll:~~i 
nnity. Now p, ,LL' 111.1: i, i ! rx  ~ .ootsof' u c I ~ i a t i i t r r  (!)I \ ,  I ~ c l ~ ~ c c xt l l i s  ctolrtlitio~r is sntisfic~tl 
I ~rovitleil 

1 ,  ( L  + I )  < 2 . . . . . . . (!)9). 

5 26. Let the kinetic a i ~ d  ltotential energies of he givcn, i t1i t  si>li\ll t l ispl i~~~nic~lt t~ 

terirls of the principt~l co-ordin:tt,es, by 

so that tile eclurltioils of motion are 

The 11letlrod of' $$ 20-24 amo~lntedi n  i11c11 tlwt 1 ) :  - 0, andfiisilir~;; ~ i l )~ :~ t io t l s  
tllcrcfoi c, I)-\. ecduation (100), soll~tionsof  

L n  S 23,  on the otlier l ~ ~ n c l ,  that the itcibula extended we atart,c(lwit11t h o  r;upl~osit,ion 
to infinity, SO that  all the quantities tc 2~-111db are Iinlile to become infinite. ' l ' I~ t>  . .
eq~l-t?,ion glvlilg ri1)vations of freyuerlcy 12 == 0 is no longer equrttiotl (101), 1)11tis 

: I IJ(It h i s  is ol)\'io~~sly ( 1  r )  1 )tllore gexlrral t l i a l ~e c j ~ ~ : ~ t i o t i  



It \vill I)e noticed t l ~ t  the ~irethocl of 5 i  20 -3-t is tlrc llletl~od c\rllicll is i~ratllem~~tically 
appropriate to  the case of' a nebula ellclosecl in a sul*face lnaiiltailiecl a t  constant 
pressure, ~vllile tlie method of 5 25 is tha t  approprii~te to ail infinite nel~uln. 111 the  

former case, a ribnttion of frequency p = 0 inay re1)resent a real cli:~nge fro111 stability 
to  illstability ; in the latter case such a ribration 1e:tds to  at1 ac\j:tcent configur:ttiou of 
equilibriunl, ant1 is, in this sense, a 1)oiilt of bif~wcation, but  cloer not delnotc :Lchange 
in the sign of ? j 2 .  

1 I5 27. The nlcthocl to  1~ follomecl lias heeit oxplail~erl in kj 18, l lle general 

cliffeuenti;ll clclufitioir is of tilt: sixth orcler. Four so111tio11~ ~ ; L V Pclefillite limitii~g ~OTXIZL;
* . r l\vlien 13 -- 0 ; tile I ~ ~ ~ ~ I ~ - L L L I I I I ~take s i~ iga l ;~~ .  f 'ol~~:;. he fernier l~itve beell exaini~recl t ~ o  I 

i l l  5 1 G ; the ln t le~ .  are rcpi*c..;cntetl ~iiatliei-i~ill,ical!y 18) 1)y ii~nction.;11 l~icll (lo not, (11. 

systcllls of steady clll-rei~ts. 
r ill~er(b; L J C  o f  ~ r ~ t c ~ r ~ ~ l i o i ~ ,  I;,, of \\,11ic+11six C O I ~ S ~ : I I ~ L ~  iCl, I<:, E>. I<,,, tlie t \ i o  ltist 

I,eloiig to t l ~ e  hi~lgular holntious. Let us s~ipposej (a5 is ill\vays possible (1). I!))) that  

the ratios of these six co1ist:tiits are clctelniine(1 fro111 five of' the bou~lclary-ecli1 nt'1011b, 
tha t  ~vhiclr is not used being the c.cluation satisfied by f a t  tllc out t r  ~ ) O ~ I I Z ( ~ R ~ - X .'rltii 
i *e in : i i~~ i~~g  -equation noiv takes t11e for111 ((.j':ecluat io11 ( 5G))l ~ o u ~ i d a ~ ~ y  

El$, (EL,) 4-E,$, (Ti,) + E,7h (E,)+ li:B$G(RL)= 0 . . . (L03), 

in xvhich the foilr E 'b  are 'l'lle $J'S llillst l l t~ re  tlefiuite clefinitc~ c i ~ ~ a ~ ~ t i t i e s .  four 

limitil~g 17al11es (zero and iiliiility I~eilig i~iclucle~l its possible \-:tl~~es) =\\4lell H, m . 
Thus in ecluation ( 1 03) solut: t e ~ m s  ~tlust preponclevate o v c ~  llit~ otl I e1.s. Tlrl~en the 

~ ~ e h n l a  these t ,~rms  Hei~ce, n-hen tile iieb111i-i is notis isothert~li~l, arcx the first two. 

isothern~i~l, t hr  same t\vo terms 1-i311st i t  fi,llo\~s fro111 the 11rinciplc. of coiltilluit y, t h ~ t  
still prr])oritleritte, :it ally mtc  f ; ) ~  some finite tlo~ilaiil iltclutli~lg t l ~ c  isothe1~11:l-1 
uctl,nla. Other\\-istl it to or. instability oi~x-o111(1he ~)ossi l~le  change the st;~l)iliry 
a I I C ~ ~ J L I I ~ L an iltfinitcc;inlal c11:~lige il l  tlle 1~11~ of the  rt~l)ul;t.by sic:~l coi-istitiltio~~ 
1Tence t l ;~~ougl~out  t l ~i s  tlon~nitl, ec!l~atioll ( I 03) nus st retlncc to  its first t n  o Lrri~ts, 
i t . ,  must 7)rco1ue fol~n3ally tlie s;l~ife its in the ci1se of tlie isotllernlal ilebnlm. But  

tlie soltition for C;" (and therefore t l ~ e  C~uictior~s$,, I/,,,), reniaill fi)r.~nallyt l ~ esame i ! ~the  
geiicntl case as in this pnrt icula~ case, :t~icl tllet~c.f*oi'r tbe  sttibility-ci-itei.ion derived 
fi*oni equation (1 0:l) reilrnins for.ilzally the snirle. 

It f o l l o ~ ~ ~ s  or not (in-ovidetl alm-ays that  the  tha t  whether the  nebula. is isothe~-mal 
configmlntion lies ~ ~ i t l l i n  doiu;ii~~ tiguratioils) the cl.itica1 a certain of' ecyuil il)vi~in) c o ~ )  
config~~rations ;it8t. giver) 1)y the two O C ~ U ~ >ti0119 ($12): L I I ~(!)!I), 



$ 28,nre ilt~ve 11o\\- ccjnlpletcd ~ [ r lin\-er;tig:ition of' the coi~figurationsat which 
a tyttllsition fi.om ~ i a l ~ i l l t y  ty  ~5 regardb the spherical form, fort o  msta 'xi!; r an  occur 
vibrntioni: of o l - d e ~ ~  l. It I, L I ; I ~ : C ~ ~ ~ ~ , ; ~ L ' Y  vibratioiis ofclffi'el eut f'ro12r ;.el ;i 10 L ~ ~ S C U S S  
orclea- 9, ==: 0 for .the ib! lo~~li~~gr:.,~son. 


011r l r o l ~ l ~ ~ - i t ~i ~ ;i-o t l e t e ~la,,IC> t I : I [ I  ct 11, figi~va I of ~ n e l , ~ i l ~ ~ 
L I I : L I ~ ~ ~ I  t j 1 ~ 1  t ~ I ik t ~ l ~ i t - 1 1  
ill I< t I , c ~1)lit~pas t 1 1 t l  J I P ~ ) I I ~ ; ~  h i c t i  t ill;: ~ I * O T ) I,I L ~ , I I ~ I , I C ; \ I  ~ ~ I I I ~ I ~ O S ~ Jco01~~> co~lfi~;~~~~:itioil ,  

%{:I  !)lc. !!'v :llat- 110t c o i ~ c ( ~ r ~ i ~ k l  i l l t ~c , I Y ~ ( ~ \ ~ ~ ~ ) I Ic,l~l~~ric:t,l 1)ntT\ it 11 4' con f igc~~*~it i , ) i~s ,  

orily n.;tll a11 ill\ cstigxtio~i of' ilie cotitli'lio~~i n liicll configrui-utiu~iri11cic.t spl~ei*ic;il 

I o t s i c I i i o i l l  No\\;? j)o;u t of' 1);hi1c:~tion of' o r d ~ r16 = 0 (lot-, 
I i 1 i 1 i 1 1 1 1 i : t i It ; I I ~ ~ C ; L ' L P ~choice of'~ i L  

t ~ s o~ , a t h s ,one hi;il)lr iind t I l t )  ~ ~ r l i t < ~ i ~ l ( - ,t ilc. onc r t l ~ c ~ ~ ~  ;I l i i i cotrfigcii~ittio~r\ \loth j~titlls 
\;-ill rein:\ia splie~ ically ~ y n ~ i ~ z ~ ~ t r ~ c a l .  

\ jT(>liave Illclcf(bi*ecIeternIil~c.cl ;ili+i\::tly 1lie :*i~~c~uiii~-,l;~~il*c~illjch a lra~lsit inl~\ I I I ~ P L ':\ 

t o a , I 1 P 1 I i s t i c  L I !0 1 I . I t  rellii~ilis to sllo~t 
thzii thcl*o is, ill eii'eet. i ~ i i  c,xclrallgc 01' hf;~l)ilitie:, i l l  ;L 1,oillt of' I>ifilrc:ati~ill, ;i11(1 l o  

exanline 011 whicli hidc of the  point, of X~iftii.c.t~tiorlillci h]dle~ic:\l coiifigm7ntion is st~1)lct. 
We alaegoilig to  pi ove t11:lt the ij)llc.ricctl corrfi;;ur ation is stable k)i-irli \-:lluec: of' 2 1  

less Ihan u,,the 1 o ~ ~ e 4 tv:illie of ~i ;it n-11icl1 ;i i ,o i ,~ lof' l,iful.catioi~ of' ortler tlifftr.e~~i 
f i w r ~ lzero c:lri occul*. Our niethotl wiil i ~ t >a\ :i)llo\\ : eo~ifig~ue;r-Any t\r,o ecjuilibri~~lll 
tions can Iw c o ~ i n c ~ i  1 iii: ';~i' ~ C I  c )i* colifigurii tions, ti ndcd 1)y n C C ) I ~ ~ ~ I I U O L I S  ~ : l u i l i I x i l ~ l ~ ~  
u \$-ill vary contir~uouhlya h  \ I  (l 1;lo\-t1 ;i1on1; Ilris , ir~if>i ,If o11c of tlre tn-o terlliirrttl 
config-i~r~t~tior1~is st ; i i ~ l ~ \ ,; I L : C ~  C I ~ I ~  11,' h o  t11;li (10e,4110t nti? 111(' li: i ( ~ i i +~ p i ' i ~ 5  ~ l !ose i~  
21 tly 110ii1t of il, ~ : ; s stll1011g11 ;I NO i i )~3 ? \  11icI; ;L 01' 17 = 0 is\-ii~~*;itiotI f ~ a e ( i ~ , ~ e ~ ~ c y  . .
l)cms"i~,lc-,t l~erl-nrCItr~o\~r ter*i~li~l,tl 15 i t l h 0  stable.til:,t tllo o ~ l i e ~ ~  c u ~ r ~ i g l i i ; i ~ i o ~ ~  

r 1111~\7 ; \ l~~<j7, I ~ I ?  1 ~ < I P ,  1 1 i ~ IC I ~  it;itioi; ~ o ~ i \ i ~ ~ ~ l t .  t i \ke~i ut~i ty,  If' tliiq 

cc,li5tL~1ilis re;tor.ecl, tile \ .Jue of' I /  (~(~17fiti01il ~ e c o ~ i ~ c i  (54))  

. t i p  / t l m  
' 1  I, =X / 8 -

l i j .  1 -(j;,- '2>-]-yp 



If' \ye \\-rite y = 0 we 11"" to  t11r case of :t uon-gra\-itating ilebula. allel we see 
that  11 ,  = 0 proviclecl the ratio of pi-' to  XT rein:tins; finite a t  infillity. Now we call 
lieel) tlle val~le of p ; ~ l r t l X7' t l ~ e  r:me : ~ t  every 11oiilt hy subjecting the rlel~ula to 
:~11 ;~pl~rolji'i:ite t1lit;a field of fol-ce rill b r  ex;actly ille s;tmee x t e r n ~ l  field of force, a:ld 
as t l ~ e  pa\- i ta t io~lal  fieltl whicll was ;rll~iillilated ul)o~r 1)11ttillg y = 0. J t is f<plle~i- 
c;\lly sy~umet~+ic;\l, :it i ~ ~ i i ~ l i t y  1;o Illat ;tile1 its polenti:tl v:~riii;l~es to  tllo ol'dt'r o f  I / / ' ,  
it coines \\itllirl tlle sco1)e of' our ;i11alyii~,. Fo13 \~:il~lc~s ] ) re~iox~s  of y iiite~*~~letlia,te 

12etv7eeil the  llatural ~ i ~ l l l e  (y = I )  i~11(1t l i ~\-:~lucy L.. 0 TI-e call obtaiil 11it. %;inlo 
result by talcing a fieltl of fi)i.ce eclu;\l to  1 - y timv:, t l~t .filegoing. As we iilc~hease 
y from 0 t o  I we obtain line;^ series, i l l  \\-llicl~ thc colrfigur;~tioi~ of t l ~ e  ~ieljnla 
is unallerrrl, the ~lehula Ijring grt~dually eir tlo\vec? \\-it11the l,o\\ el. of' gr:i~it:~tioil. 

For the ge11el.nl corifignrntioi~ of tlrir wries, consiilcr llle ~vo rktlo~lc'ill :i specifiec! 
tlisj~lacemc~lt.nrl~icll is j)i.ol)ortiollal to  S , a t  e\-ery poi11 t. 'L'I re 1)oteiiii:~I (gixvit ,~tioi~al 

$ tha t  of externi~l field) :~f'ter tlispliicetuer~i, \\-ill lje (IT tlie for111 

~ ~ r h e r ert n i ~ d7,  ;ire fiulctioi~s of 7- ;1,11(1 i11del)elidellt of' y. r17 11e total 1vo1-kclollrl against 
this field dur i t~g  tlie tlispl:~ceiuc11 lt is tlierrfi,~-c of t llc f;)1'111 

wilere Fl ir il~clrpendcniof y ::iltl tlel~el~cls tlis~~laccineitsoltbly lil~on I lie l):wt i c ~ ~ l a r  r 

selectccl. r I1lie 1%(11'1< tloiie :~gi ins i  t l ~ e  elastic Foi'cc.; is of' course iilclel~endeirtof' y, 

; L I I ~tlepends solely ul~oir tlie dirl)laceme~rt selected. 'h'lris \vork is cssei~tinlly poritive. 
Tlle total \z ork i s  tlrerefoi~e of' the  ii318111 

A + By, 

nlny I)e ~ v r i t  ten 
A + B'vI. . . . , . . . . . . (105). 

t l ~ a t  for values greater thml sonie clefiiiite v;llue of / I , ,  it is lIossible for t l ~ e  ~vorlc 

rloile to  1)rconie negative. For values of u, less tllair this critical \-alue, tlle worlc 
\\.ill be ])o8itiVe f i ) ~a11 disj)laceme~lts. Iqencc f r o ~ ~ l  the filrln of cx1)ressiot~(105) 

il t-i>llo~~.s 1)nsi:ige of' 1 6 ,  ; r  clrulige f;*o!11 t l ~ u tt l ~ e  tl110ug11 :I. critic:tl ~ ; i l u t .  tlc~r~otc~s i+t~:il 
sta1 )iliiy to i~i5t:il~ilitj*,tliirl t l l i~  t Llic s1:il)Itj C O I I  li;;urxtio115 iiro gi L 1 1 ~ 7  the 6111i1,ller 

$ 20. CVr ]la\-e seen that  the T-ibrntions of any spherical nebula may he classified 
illto i l~~ntiot is  = 0, 1, 2 ,  Pcc.. ;I. ~r ihnt ioi iof' ;illy older 1 )  l~eillg sucll t ha t  of or(1el.s 11 

tllc tlis1)lacerrle~lt and cllialgc ili tcnr1)erut~u.c :it ally ] ) c ~ i ~ r t:ii4t: e:lcl~ 1,roportional to 



sonie sp1reric:li hllrface ha~.lllonic S,  of orcle~a l r .  Tlle f;.eclueilcy of' \-il)i~atioliis 
illdepeiicleilt of t lle 11nl.t icnlar spllericnl I ~;a1.inoi~iccllosen, clel,entling on1y u1,on t 11o 

order 1 1 .  

The viblzitioiis of orclell i~ = 0 1 1 a ~ cbeell seer1 .io bc of 110 inlj)ol-i:7ncc; the stability 
o f  the ~ i l ~ i ; i t i o ~ ~ ~  X P ~ tliscl~ssed.ill  tlle li~rlitilig cl~sc of orders dilyerent fi.0111 zero 11;ts I ~ L 
in \~hicl l  tlie ~rebul ;~ exteirds to iilfinity, \\'it11 tlht~fo11o1vil1g r'esults :----


st>artiiig fuo~li : i n ~stt'tble coilfignratioil of sy1lor.i~~ 
I ,.:y~tunetry, the vibratinns of ally 
o~*tler12, dift'er.elrt from zelq all I % ~ I I L ; I ~ I I  ~ ln%i l  T I , ,  clefitled bystitble tl~c\ fr~~lctioil 
ecluatioil (1  04), laasses tlir.ouglr ;L c?r.taiir cisitical \-:~Tue. 111 ally case this critical 
ta lue is first attained fo18 n vi1)ratjoi~of o1'cler 'r2 =: I, 

For n nebula \vl1ic21 actually extplrds to i i r f i ~ l it y .  tlie cliticr~l value i.: 11, -9.: 1 ,  

l\'llrll this ~ralncl is reached -\wcolne to a seco~idwrit's o f  e(l~lilil)r;iii~rco~1fig11r;1tio11~, 
illc foi-lri of r ~ l ~ i ~ l i  Il' i his r:xlue is pahsetl, the c o ~ r i i g ~ r ; ~ -  rill I)e iilvestigntetl later. . . 
ti011 remillrung spheric~il. there ill rill ill the Lillie elders11~1,b ~ .~ i l ) r r i t i ~ t ~ h\i.lliclr 
th ro i~ghn re:d the cri t ic:J \ ibrntio~is renl;tiit of' fi.ecl uel I cSexpoilentin1 factor, l)ec:~t~\e 

?I==.=0 ,  the inertia of the ilebulw beiilg i~rfil~ite. 
If the radius Fi ,  of tilt: rrebuit't is ~ + e p i ~ t l e d  \-ciry great not iniinite, this :rs Il)iit 

statement is not true, si~lce the i~iertin callnot rlo\\ I~econrc illfinite. Iir this c:iie the 
fiixst new series of e ~ ~ i ~ i l i b r i ~ i t ~ rconfig~~~:\.tionsis ; ~ g ~ i i r  \\-hell (fi),;,,,reachetl att :~ins:, 

v 2 ' 1

certain critical value, ni~rl the eltitical -\ i bi*:itio~i is :tg;1111 of orcic~1 1  -- I . l Ire cri t icd 
valuc of ( t ~ ) , , ~ ? ~  caieulalecJ. I)irl \\.hc11 I t ,  nhas 11ot heen I)ecolncls i11fi1riIc. ;t Ilac, 

l i~i~iti~igV ~ I L I ~TTTII~CIII l i i ~  to lit> I ) c ~ ~ J \ Y ~ ~ L ILLIICII)t>e11~ I I I J I V I I  I 14. 

Tirkiilg y - 1, \ \ e  ha \  e as l11e value of'?r,.  


7'11e cll~esliol~ ty t l r r~  ii7el\-ul~ori ille wine of' this iil~lctiou, n>llic11 nray of slal~ili LSe l ~ t  
;tppropi~iately l ~ e  tenliecl the " stak~ility-fimctim." 

W e  aow see tha t  the 1~~11ole question of st:ililitp dcpeilds upoil thr. ratio of the 

clellsity to the elasticity a t  iilfinity. This result i s  not hard t o  unclerstaiid. 111 the 
t i ~ ~ s t  -\verl,;ty, ho to sl~eak, place, since tlx ~lc.l,ula rxteiltlh to infini t ~ ,  rwasure it ~ x p o l l  

:illy li11e:~i. sci~lc: \t7e lilie, If' \ \  e Ine:\ilrre i i  or1 i l  s~iflieiently gr.e:~t sc:tlc, Ilte rrel,ul:~ 

h t i l l  rcill:ti~~s eu tc~r~t ,  \ :ti*i:~iiolrs ureoJ' i~~ti~ritcl  l~at ,Ilro 111 ic~trrye~~~at sir ucture J\ llicJi 
O I > ~ I I Yile;ilb the c c l ~ t ~ ~ . ~  I ~ I ; L C I Y  to , I ~ ) ~ ) C ~ I : '  [ \ \  e ~ v j s l ~ ,call l ~ c  , : b  sl~ri\i : I &  : i ~ l ( lt l ~ c  solid c ~ r t :  
c+:tir he made to ilp1)e:tl. Snsi,qllifica~ll:r:1 \Ic n isl~. 'I'l~nsIy rncwsu)>iiig ,rally uehuln 
Iiporl a sufiicien tlp great scale \yo cau ~uttl,e it :!l>i)e:ir i r~clistiiigt~isl~xl~lefrom all 
isotllermal nebula, alld the ci~itical -\7ib1#;ttion ii.)~.wl~;clr -s O tloes not disappear. fimm 
s ig l~ t ,hince i l l  the liinit this ribl*atio~j (ine:isur*rclh\- ( - / I * )  yemains finite : ~ ti l~f i r l i t~ .  
Furtller, : ~ sl'rofessor UAZL\VISpoiilts 0111, 7\c C ~ L I I~~1:lli;eit :11)loc:;1r like tt ~lebulaiu 
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which t~maintains a const:tnt value throughout.* Passing on, we notice that the 
stability function now depends solely upon the ratio of the density to the elasticity. 
The different elements of the nebula are attracted tom-ards one another by their 
mutual gravitation, and are kept apart by the elasticity of the gas. For certain 
values of the ratio of these two systems of forces, i t  ~vill be possible to 611d displace- 
ments in which the work done by one system exactly balances that done against the 
other, ancl these are the critical ~i l )~at ions .  

The stability function 11, is a function only of the quantities determining the 
equilibrium coiifigur:ttion of the nebula, and its value may therefore be found froni 
the equations of equilibrium. We proceed to exainirle the value. 

Ge~xo7'ulCase of CL i iebuta at Rest. 

5 30. We have already quoted Professor DARWIN'Sresult that u, = 1 for an 
isotlierinal nebula a t  rest, antl the coiisideratioiis p~xt forward in the last section will 
probably suggest that the result in the more general case will be found to be 
independent of variations in terriperature a t  finite distances, provided only that 
the teliiperature has a definite limit a t  infinity. We shall, hovever, examine the 
question ab i n i t i o ,  using a slight n~odification of DP~RIVIS'S method, and making the 
problem more general by rctaiiling a spherically symmetrical system of external 
forces. 

We shall denote the potential of this system of forces by V', and use V t o  denote 
the gravitational potential of the nebula itself, The total is liosv V + V', 
so that the equation of equilibrium, equation (111,takes the form 

and if M is the mass of the solid core, this call be written 

DiRerentiating ~v i th  respect to ?*, 

Write 
ATp = ey, 

-+ G. H. I)ARWIN If we view the nebula frorn a very great distance, . . . the solution ( L C .  ante, p. 16), " 
of the problem becomes y = log 2k2." Kow u = - $q%c12q/dz" so that this solution is equivalent 
to  ~c = 1. This justifies our statement, and s h o w  a l  the same time that for any nebula a t  rest and 
in equilibriunl ZL, has he critical value u, = 1, provided it is acted upon by no forces except nts own 
gravitation. 
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-- 

,I //TI\
liilritillg value of. x is L ~ T T .Lrt ,la Furthri. ~ ,np~,o . ; (~  - ( I * ?  - 1 11;~sa, dcfiuitc~t l ~ n t  

1 \ rl1 

ti"f 47i("/ 1.11 

A" +,h:r.>b (A;. ,.)' = = O . " .  * " " 

1 1 1  tllc special case ill nhich 
rl 

il" 

c" 
log (AT) v > i ~ ~ ~ s l i e \ 3  1x1 ~irri t tent11kn ~ a y  

aild a t  infinity (i.r.. for very s~lialld u e s  of' ~ j .the s011llio11is 

where A, B are the two constants of intc~gr;ltioll, 
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In  the rriore general case in which 7log ( A T )  calrnot be s~~pl)osed 
t i1 - to vanish, i t  is 

clear that  this teriri TI ill \ ailis11 at infinity in comparison with the other terrns 
in ( I  I I ) ,  if 7 has the liniiting value given by (1 ig) ,  :~ndtherefore that (1 12) is the 
limit. at infinity, of the solution of' (108). 

Of the two arbitrary constants, A ant1 E, the former co~~r~sponcls to  the indeter- 
ini~lateness of the linear scale upon \x-hicll the nebxlla is measureti, tlie seconcl to the 
indeterminateness of the conditiolls a t  the inner surf>ice of the nebula. I f  there is no 
core, there is only one value of b / B ~vhicli ill give a finite tlensity of matter a t  the 
centre of' the nebula. Further information as to ecyuili?~ri~ulrconfigurations can ?)e 
found in Ysofessor DARWIN'S :':paper, or in a paper by A. Rr~rmt.  

For our purpose it is sufficient to know that  the secoild term in 7 \~a,uishes \\-it11 2 
for a11 vnlrles of A and B. Heilce a t  ii~finity 

and hence (eclnation (1 07)) 

Putting V" = result that  the stability ftlnction 11as 0, w e  arrive a t  the a~~ticipated 
a unit -i.r~l~lt., in such [yay that  X1'for every nebula which extelids to i ~ ~ f i n i t ~  a 

1::ls :i filiile limit a t  i~ifirlity. 

5 3i .  The case which is of the greatest physical i n t e ~ ~ s t ,  is tlmt in vrhich the 
nebula is not a t  rest 1t11t is rotati~lg in n position of' relative ecyuili?)t*iut~i 

Here the arrangemeut is no longvr in spherical shells, so that the tbregoing :inalpis 
breaks down. If, l ~ o x ~ e ~ e r ,  the rotatio~l wwe su1~pc)se to be so sluall that  w4 niay be 
neglected, i t  will be easy to mot-lif'y the foregoing analysis, so as to take accoul~t of 
rotation. 

We sllall still suppose the nebula t o  extericl t o  infinity, so that 117e must not suppose 
the rotation t o  be the same a t  all tlista~lces, for in this crise n finite v:llue of w 1170ulcl 
iinply an infinite ~eloci ty  of tliose 1):rrts of the nebula hioh oh :lrc. :lt i~ltir~ity. Let us 

* ' Ivied. /Ir:il.,' vol. 16, 1). 166, 
I? 2 



3 6 MR. J. H. JEASR ON THE STABI1,ZTY OF 1 . 1 , SEETJLA. 

sup1)ose tha t  a t  infinity the linear velocity approxiiiiates to a fil~ite l i~ni t ,  so t l ~ n t  we 

may write 
w = 12,'Y 

for all ralues oE I - gi.enteT thaii a certain 
So long as we are 0111 y colicerned with confi:grr ra lior 1s of' t?quiiihriuul ;1,11cl \'il)raiiol~c: 

of frequency p) = 0, the rotation 111;ig be nllowecl for. hy C!le i~itloduction of n force of 
aniount w L rsill 0 per unit  mass, ac t i l~g  l~erl~elirlic~i-il:ir i ot:r tion ; or, ivI-1:) to  l 11e axis of t 

corties to  the same thing, by the ir~troductiol; oi"~ 1101 ei~t ial  

-$-( I  - :PC)S,' o"i1 t ij', 

( I  - P2)V' 

where, for all values of 7 '  greater than a certaiil v:ilr~ e, 

Let us exanii~le scparntely the tn7o eff~ctq at*ising koin the t ~ r o  terms of' this 
13otentia1, begirrning m it11 the term - 2-',Vf. Tl1rr.e \ \ r i l l  in this case) be a correctiotl 
to  be :~pplied to  all equations, anti tliis con-ectfotl will corisist of tlte aclditiolr of 
a small ter131 containiug ww'P,. Let us suppose th;t"! aJ1 sy~ubctls ~;rllicll have so ik18 
denoted functions of 13, denote in future tile nleari of the correspondin:;~ ~ a l ~ l e  
quantities averaged over a sphere of racliur r. For* instance, p is iio longer tlic 
density a t  distance 1 .  fkoin the  centre, but is the :IleitlL dellsity over the sphere of 
rsclius i s .  The density :it any point 1~7ill of" ille forin p -+ where p, is 

a f~xaction of T .  We mag in every case equate the coeficiellts of diflier~elit hal~ino~rics. 
and by equating the coeificients of tcrins ~rllicll tlo not contitin the  tc\rnis w"',, \;e 
shall o l ~ t a i ~ l  w 0, except t1l;r.lthe san1e equations as  \{-ere obtail~etl in t h o  casr of == 
tile me:~ning of' every term is :tltered. 

r 1l h e  e ~ ~ u a t i o n s  will suflice, as b r ~ f i n ~ . ,clerivetl froln the l ~ a r t s  v,-liicll (lo not contain w 

to deternli~le f), so tha t  the values of' 21 are form as before, except t h ~ t  of the ~ n e  
the cluailtities involved have a slightly dift 'e~e~itrnea~lirrg,. Heiice the stability 

criteldion is still giveu by the value of the stability ftinction 1 1 ,  : while ecluation (1 0 7 )  

* This pnrticnbl l a ~ vis chose11 for examinatior~ becnr~ke it leads most y~dclilyto the reynired reiull, 
The case it1 whirh w varlihes a t  infinity 1110)e rapidly than 1 r is c o ~ored l ~ ytalili~g .(I = 0. IIela, 

however, the angulal nioi~ientum vaiiishes in eo~npa~json it to firicl \,ith the inair, is 1101 i l l r l ~ ~ i i i ~ ~ g  

that n rotation of this kind docs not affect the cjucstiori of ~ t ~ ~ l ~ i t l ~ y .c~ii l :in mliich ic~iliihe>The w le\s 

rapidly thari I is physically inlpossible, sillcc i t  gi\ es ; L I ~  i~riilliteIlrlem. velocity n t  irrh~lity,l ) ~ tm,ry 1x1 
theoretically included in the case of I;, = . 

Any special assumption ahout, the value of w at infinity nrast, 11o~te-~er,tlisalnpcar \ \ I I P I L  11c: tlull to  the 
case of a finite nebula ( 5  2G), in ~~Eiiell niay he nppiop-ii~tel~.12 sripl,o~etl to to~respolltl to the  sruince 
I elocitj (o1: 
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remains true, if the new rneaniilg is given t o  the sylnbols in each case. We conclude 
that  the cyuestioii of stability is not affected by the potential - P,V'. 

The remaining potential tern1 is the spherically ~ ~ l n i ~ i e t r i c a l  The total ten11 V'. 
potential inay now be taken to be V+V', and this potential, besides being spherically 
svmlrretrical, satisfies the condition which was postulated in the tletern~inatio~l of' the 
critelion of stability ; namely, that  its radial differe~ltial coefficiellt shall \-ankh a t  
infinity to the orcler of l , i i - .  The v;~lue of the derived functiou V" (equation (109)) is 

Hence the stability function is given by ( c j  equation ( 1 13)) 

W e  have therefore fount1 that when an infinite nebula is rotating, with such 
angular velocities that  the linear velocities a t  infinity have the limiting value a, the 
value of' ZL, is greater than unity no matter how small may he. This result has 
only been obtained on the s~ipposition that w4 may be ~leglected. W e  have obtained 
no inforination as to what l~appens when o<s take11 into account, i.e., when the 
square of the " ellipticity" of the nebula is taken into :~ccount. 

5 32. No account has so far been talien of tlle viscosity of the gas. The tcrins 
arising from viscosity which may be supposed to occur in the true ecyuations of 
motion, will contain the coefficient of viscosity (P ) ,  and will in each case depencl on 
velocities and not on displacements. Hence viscosity enters the ecjuatioils of' n~otioil 
through the factor The vibrations for which 11 = O are accordingly unaffectecl 
by viscosity, and since it  is upon the existence of such vil~ratioils that the whole 

of stability turns, i t  is clear that  the results already obtained irrust renlai~l 
true even i11 the presei~ce of viscosity. 

It can be shown that  equations (24) t o  (26) specify n principal viljration, whether 
the gas is viscous or not. The result is stated ~vit~hout proof: as tlle proof is rather 
lengthy, and has no bearing upon the main cyuestioll under discussion. 

A Nebz~lccin Process qf Cooliizy. 

5 33. I11 the mathematical investigation we have been concerned with vibrations 
about a position of absolute equilibrium. I11 nature, no such positiol~ of absolute 
ecyuilibrium will occur ; the condition of the l~ebula will be incessantly cllal~giug. 
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Let us suppose the temperature of the nebula to be coiitirlually cooling, o\ving 
either to radiation of heat its surface or to a jrocess of quasi-evaporation such 
as is descrihdd i11 Professor I)AR\T~IX'S Since tlie gas (or quasi- paper (s 13 ntAp. 66). 
gas) is not a perfect couductor, th r  nebula rvill not i ~ tally time be in perfect thermal 
ccluilibriuin. TIE cllanges in rtensity of all parts, ancl in the temperature of the 
in~rer parts of 'chr ~iehula will, so t o  i;pe;xk, Isg bellind their equilibrium values as 
rtcten~linec-!by tlre changes i11 the temperature of the outer part of the nek~ula. It 
is, therefore, clear illat so long as the r~ebuln is cooliilg, the ratio of the density to 
elasticity in the oa1,enllosl lt~yers of gas nil1 be greater than lhat calculated upon 
the ;lssu~l~ptio?~ of' yelafed eecyuilibrinnr. This "lag " accordil~gly decreases tlle value 
o f  the sta?)i!ity- tiillctioi~> ancl so supplies a factor. \vI tlcl~. zends to  instability. 

$ :34. Let us non7 exainil~e to  \vllctt extent w e  I ~ v ofonrld solutions of the two 
problems pl~opouiided in $ 4. 

Firstly, as regartis tlie stability of a spherical nebl~la of very great size, of which 
the outer s~~lafi-tce a t  constant We found theis niaintaineil pressure have that 
stability-fiulctioi for sucb n nebula (in the limitir~g ciise it1 which the outer radius is 
infinite) has t i  uuit value \v11en the ilebula is Ls ecyuilik>~ilutiand at rest. This value 
is increased by allow-ing f h ~  the '<lag" in temperatlure caused by the cooling of the 
nebula. It  is also increased by a ~ o t a t i o ~ ~  of tllc nclmla, a t  any rate so long as this 
~*otatioiiis sn~all. 'I'he nebula will beconlr onstable as soon as the stability-function 
1)ecollles greater t'rlni~ i~ coitain value, w'nic11 has not !)eeil calc~~lated, but is known to 
be between 1 arl~I14.. The investigation of 5 23 leads us to expect that the critical 
value of the stability-fi~~~ctlon will increase as It, tJecreixses, althongh this has old$ 
I~eeii strictly proved fhr a sillgle case. 

It is t11erefol.e possible that, even \ilieii the r~eb(al;t is non-rotating, the ternperatnre- 
lag may I)e sitficirnt to male the nebul:~ 11nst:tble. b-t' we cIisreg,artl the temperature- 
ing, i t  seen~s probable that a small rotatiorr will sufice to bring about instability. 
I 1 
121is latter cluestion, however, deser~~es  1noi.e cletnileii exainination. 

5 35. Let us suppose t l ~ tthe nebula starts from i~ . ; t  in ;L configuration of absolute 
ecyuilibri~ml, and t l ~ a t  the rotation is gradlxnily i~~creasecl. In tllis way me obtain a 
linear series of configurations of relative equilibriu~n. 1r7hen the rotation is small, 
the c~nf i~umt ion ,  being strictly sl~lleric:al is slightly sl3heroid:tl. instearl of The 
series we are coiisiderillg id  thet*erh~-et11e analogue of the series of i l lnc~tau~el~ 
spl~el*oidsof So long as the rotation r ~ i ~ i a i n s  an incompl.essihle flrxicl. smi~ll,we inay 
separate the two terms of the rotation-potential in  the inanrlctr explained ill 5 31. 

MTe iiiay, ill fact, suyl~ose o1i1. alttLlysis still io applj- as I t '  the co1ifigura"cion rsemail-tetl 
spherical, :tnJ thc only effect of the rotation is t o  incr~ase tlle ~ a l u e  of the stability- 
function. Foi. 1icrgi.e~\-alues of w2, all OUI* I ,  c,\~lis:LIT su+jeject to  it cor~ectiou of the 

http:Sl'HXRIC.il
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order of w4. For sinall values of oZ,the value of' w Z  -\vill be l?rzoportional as s77e have 

seen (5 31) to 1 1 ,  - I ,  so that this correction may be suy)1)osed to 11e proportional to 
( L - 1). The first points of bifurcation of orders 1, 2 occur (ill the spherical 
configuration) at  ZL, - I = 8, 2 &  respectively, where 0 is known to he less than k. 
Now it would seem to be fairly safe to neglect P,but even if we waive this point, it 
will be admittecl that the correction of t h ~  order of (zc, ---l)%anllot be so p e a t  as to 

change the order in which these two points of bifurcation will occur. 
W e  therefore see that a rotating nebula will become unstable fbr a comparatively 

small value of a2,the critical vibration beiilg of order 11 = 1. The new linear series 

is one in ~~lllich (except for the spheroidal deformation caused by the rotation) the 
surfaces of equal density remain spheres, which are no longer cor~cetntric. The linear 

series of order 91, = 2 will accordingly be unstable : this is the analogue to the series 
of Jacobian ellipsoids in the incompressible fluid. 

5 36. The case of a nebula which actually exteilds to infinity is much simpler. 

Here the value of u, is again unity, and this value is incrtlased, as I~efore, either by 
bemperature-lag or rotation. Every point a t  which Z L ,  is greater than unity is in one 

sense a point of bifurcation, since starting from this poillt there is a series of 
unsymmetrical equilibriurri configurations. Strictly speaking, these points do not 

indicate an exchange of stabilities, for the critical vil~rations remain of frequency 
21 = 0 even after passing the point. They possess, however, the property that a 

critical vibration, if once started, will continue increasing, since the foi-ces of 
restitution (of whichever sign) vanish in coinparisoll with the momentum of the 

vibration. 
§ 37. Let us no~v try and exainine which of these two hypotheses is best capable of 

represeilting the " primitive nebula" of ast~.onon~y. lniagine a sphere S drawn in 
the nebula, the radius being a, and the pressure a t  this surface T. The matter 

inside S is to forin a spherical nebula of finite extent, bounded by a sphere over. 
which the pressure is T,and this iilatter is to be of a density sufficient to warrant us 
in assuming the gas-eciuations a t  every point. The surface S will be continually 

traversed by matter, but this will be of no contsecjuence if the losses anid gains 
balance in every respect. The matter outside S rnust supply the pressure 7r, ttilcl 
will a,lso, as was explained ill the introcluction ($ 3),  influence the matter inside X by 

its motion. 
Imagine the matter inside S to be executing a f;m:~11 vibration, and consider tv-o 

extreme hypotheses as to the bel-iaviour of the matter outsicle S. 
Suppose, in the first place, that the niatter outside S is such thirt it and the 

matter inside S together form a perfect spherical l~ehula a t  rest. Then the motion 

of the matter outside S is given by the equations of vibration of such a nebula, and 
the influence of this matter upon that inside S is exactly that required in order to 
enable the matter inside X to execute the vibr;ttiolls given by tlle equations of an 

infinite nebula. 



Suppose, next, tha t  the matter outside S consists ~nainly of iilolecules or of niasscs 
of matter which are tlescribing liyperbnlic oi3 1)a~:tl~olic orbits, or wliicli collie fi'oni 
infinity and after reboullding f ~ o m  the ncbuls roturwl to  infinity. Suppose, further, 
tha t  the interval dm.ing 11-hicli sucli a Illass is npl)reci:tbly ~ui~der  the i~lflueilce of tlie 
m a t t ~ r  inside S is so small tha t  i t  is not ap1)recial)ly afi'ected by tlie ~notiou of' t h ~  

latter. I n  this case the niatter outside S may l ~ o  regarded as ari~aligetl a t  ratldon~, 
i ~ ~ d e ~ ~ e n d e n t l yof tlle vibrations of the rrlatter illside 8 ; ;t will not, as uncler our first 
supposition, take up the motion of t l ~ e  matter i[isitle X to  any appreciable extent. 
Hence the mattel. outside S 11-ill exert 110 force rlpon that  inside S except the 

const;tnt pressure n-,and the vibrations of the n m t t e ~  iiiside S will be those of a 
s1j1lerical ~iebula of finite size, bountlecl by a surface ai constant pressure T. 

These two extreme llypothescs lead, as me can llow see, to  the t ~ v o  conceptiorls of' ;i 
nebula put  for~rard in 5 4. In nature the t ruth xi~i1I lie somewllere between these 
two hypotheses, and i t  is by no of the two gives the tileans easy to tlecitle ~ ~ h i c h  
better representation of an actual ne7r)ula. W e  shall, however, be ~vi thin tlre li~llits 
of safety if we assert of an actual nc:k)ula only those propositions ~vlrich are true of 

1)oth our ideal n e b ~ u l ~ .  
5 38.  W e  ]nay accol.dingly sum up ns follo\~~s :--

(i.) A nel~11li1a t  rest 21 llrl ilr al)solut c x  rcluilil)~.ilin~iti a spherical coilfiguration wi 11 
always be st:ihle. 

(ii.) Such a i~ebulr~ is talier~ nlay l~econlr: 1111stable as ,iooll iis tlie teenlper~;tlui*e-laff 

in to  account. 
( i i i . )  There will 11e a oflinear series of colifigurations of relati\-c c~tl~xilil~rinni 8 

rotating ni~X)nla, htartiny fro111 :L 11011 ~.otat,ing spherical nel~nls  (supposed 
stable), ancl t;ucli that  the configm.,ztion is synmetrical ahout the axis of 

r 7rotation. lllis linear series correspol~cls to the series of Maclau~~in 
spheroicls, 

(iv.) The first point of bif~lrcatiolr on this sei~ies occurs for :t comparatively slnall 
value of' the ;tngular rotation. 

( A , )  Tlle secoiitl serirs through this point is one in which the  confign~*atious 
possess only two planes of symmetry. Initially the configuration is s11c11 
tlxtt the equations to tllc surfaces of c~jn:tl density contain oiily teriils in 
the first har~llonic in adclitioll to  those recluiretl by the angular rotation. 

(vi.) T11ere is a linear series ~vllicll cornespolltls Lo the serics of Jacobian ellipsoids, 
each config~~rationpossessing three planer of symmetry. The point of' 
bifirrcntion a t  whicll this serirs meets the series mentioned ill (iii.) is a poiiit 
a t  nllich the allgular rotatioil is rrlnch larger than tha t  a t  the point of 

bif~~rczttiolln~entioned in (iv.). 

(rii.) This latter linear series appears to  he alnays unstable. 




5 3'3. Let us ilon7try to extuni~le the secoild series of ecyuflihriuiil collfig~~ratioiis, 
\\,l~ich,as \ve have seen, is LL series of stal~le coilfigurations replacing the series of 
Jacobian ellipsoids. I n  this way 11.e sliall be able: to ‘-qather sollie evidcilce with 
view to fori~zing a judgment, whether the behaviour of' the iiebula after leaving the 
syinnletrical co~lfiguration is such as is required by the iiebular llypothesis. 

Let us suppose, in the first installce, that  the syinmetrical configuratioil froin T\ hich 
this series starts is one in 11-hich there is iio rotation, so that  the coiliiguratiotl is one 
of l~wfect spherical symmetry. If the nebula is o~ le  in which cooling takes place 
very slo-tvly, the coiifiguration of the iiebula will always be very approsim;ltely an 
ecyuilibrium configuratioii, This coiifiguratioil will be one of the spherically 
symmetrical series until the first point of bifurcation is reached ; after this the 
coilfiguratioil ~vill clialige so as to move along the otlielt series, \\-hich passes through 
tliis point. 

No~v\Ire have already found the manner ill which the co1~f;guration first tli\ erges 
fkom spherical syiniiletry ; in other n~ords, we have a knowledge of the unsyi~lmetrical 
series in the iinniecliate neighbourhood of the pointl of bifurcation. If then, ~1.e ctul, 
by sonie nzethod of' continued alq~roxirnatioii, obtaii~ a inore extended knon leclge of' 
this series of configurtitioiis, we sliall be able t o  trace the nlotioii of \Izi ~ i e l~u lal~icll 
is cooling with i~lfiilite slowness, and i11 this \tray form some idea of' the iliotioil to Ije 
axljecled in the more general c:tse. 

Let us asauine, as n general f'orin f b 1 8  the '"seies " 11011 ~ulder dificussion, 

\\ liere P, i b  tlie zoiinl 1i;~rnlonic of order s, and p,,, pl, p, are ttuictions of 1 - and of' 
sollie paraineter n. Tliis parameter cleteriiriiies the position of ally l~urticulal* 
coiifiguration in the series. W7e shall suppose that  a t  the point of jOif11rcatioi1 C L  = 0, 
and we the11 know that  \v11e11 a is very small the limitillg fbrlii of' p is 

111 the ~lotntion \\-hiell hrts beell in use tllroughout tlit: p ;~ l )c~ ;,ire liiltl t l ~ ~ t t  
corresponclillg to the deilsity distributioil g i ~ e i l  by eclu:~tioil(72) the gl':~vitatioi~nl 
l)otenti:~la t  the 1)oillt 1') 0 is 
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I 11 lie f~tllctloiispi,  p2 , , . . are t o  be cletermi~~ecif;.oln llle coiiditioii illat V aild p 
silall satistjr the three ecluatioiis of ecyuilibrium, whicli are of the forill 

5 40. Let 11s supl>ose, for tlle sake of' sinlplicity, tliui llie ilebula is a l  uilifi)rnl 
tempwature, and extellcls fiam 1. = O to i .  = m . \Ye 11a\e already seeil (e(jlrai,ioii (77)) 
that the critical vibration for zt 1iel)ula ii~itially isothermal, is one i l l  which the nebula 
~*en~ctins it  if' a oe1)ula cliallges its coilfiguratio~l isotl~ern1;~l. Hence follo\vs that  
tllrongh coining t o  n poiilt of moving on a scries of isot11eriill~~lbifurcatioi~, \ ~ l ~ c n  
and spherical configul*atioi~s, then the lie\\- series will also be one in which the 
etyuilibriunl is isothermal. 

W e  may uow write m = ~ p ,  K is a ;tiid the three ocyun'lions of'where CO~IS~:LII~,  
equilibrium becoine ecjuivaleilti .lo the siiigle eclu:t.lioll, 

Now the series in question is, as we have sceii, u1>prosimately rc:preseuted, near t o  
the point of' hifurcation, by t , ;~kiug oiily t \ \ r ~  terins o f  (115), :~ii~l oidycoi~sec~ue~ltly 
two terms of ( I  16). I n  this case eclu;ition (118) becomes : 

tllc mnle equation as i r l  the case of' perfect spheric:il sym1ueti.y. Also p ,  is ~ i v e i i  l ~ y  
Llie equat ion 

It will be easily verified that this equation is exactly ecyuivnlent to our former 
e q ~ ~ a t i o n  The equation colrtaii~s an arbitrary illultiplier in its solutioil. This(38). 
may be taken to Le ti, the paranlett~r of the smies, so that  nru may witit 
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mherc c,is a con~pletely determined f~~nct ion  Thus, as far as a,  the solution is of Y. 

seen t o  be 
P = Po + nql'l. 


W e  shall 110ss7shosv that, as far as a" the solution is 


The substitutioii of this in ecl~xation (118) leads to 

svhero (5, stands in the same relation t o  cr, as does 0, to p,. The riglit-hxncl n~einber 
of this equation is equal to 

in ~vliicli the unwritten terms are of degree a t  least, equal to 3 in a. 
Neglecting a v h e  equation is satisfied if 

These equatioas deterlnine cr,, and cr, uniquely. 
It is obvious that this liletbocl is capable of indefinite extension, and that the 

general form of configuration ill the series will be given I)y 

S 11.  Let us examine in greater detail the solution as far as cC2, this being given by 
equation (115). The important question, as ~7ill  be seen later, is tlle detern~ination 
of the sign of 0,. W e  therefore pass a t  once to the consideration of equation (123). 
'CJTritten out in full, this beconies 



'l'llis equation n-ra~-1)c trnnsforult.il i n  t 11e s : ~ n ~ e\I~;ATus equation (39). Tf ~ r r  
7,\ - -lit^ 

Refellring to the table of values for / I ,  ~i~liichwill Ile fomlcl on 13. 15 of 
Professor DARTTIN'Spaper, it appears tllat 21 increasc.~fi-om r2 zero val~le :it the origin 

lrl) to a zllaxiinum value of u11o11t I * G G  ; i t  then tlec~pases t o  u rniliimlln~of about .S, 
x~ id  after this illcreases t o  1, its value a t  infinity, T11rrir: t h e  factor G - 211 has ;I range 
of -values from G to aIjout 2j-. 

No-\i7 the solutiol~ of 
t7"/ 7 7 f ) o + l T  
- - - 7 1)  = - < , . . . (129)
,/P! 'i ? 

ic; C J ~ L S ~ I ~f'olrntl LO hr. 

ill wilic11 CJ, ant1 C2? are cousttnlts of integmtioll, wllicb inay :it once be put erlual to 

zero, if I L  is positive, and if 31 is to  satisfy contlitions (126) and ( 1  27). 
Coml>;-xring(128) with (1 U),we see that if u hat1 :I collst:tnt value t i , ,  at every 

point of the 11cblll:t, the v:tlue of y would l)e given hy equation (130), in mhic21 C1,, C, 
u auld l ~ e  be the positive root o fput  equal to  zero, and .n ~ ~ ~ o u l c l  

twoviilecl only that 6 - 271, we1.e positive. 
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For tlie range of values for 2c0 froin ti0 = 0 t o  t i0  ==1-66, the va111e of n would have 
n range of values froai 2 to 1.2. T l ~ u s  the form of solution is materially the same for 
all of these values of 21,. It will be seen without difficulty that  the solutiolr of (128), 
in which t i  has not a coilstant value, hut vai-ies over the range fiom 0 to 1.G6 as 7 ,  

raries, will be 811~1l that tlic graph expressing y :is a f~~i~ct io i r  i z  will present the of 
same features as arc col~lrnolt to the graphs gigen hy ecll~ation (130) for ranges of 12 

from 2 t o  1'2. 
Now the -\ralne of y given by ecluntion (1 30) is positive for all values of 7*, heilce we 

infer that  the solution of ( 1  28) is such that ?;/ is 1,ositive for all values of 7,. JJTe 
therefore have, for all values of I , ,  

cr? = -$ hk1!+ a positive quantity, 

so that  cr, is positive for all values of 7., 

$ 42. NTe therefore see that tlle ii~i-t~ialmotion, in whicli z~ alrcl A are each 
l~roportionalt o  the first liarinonic, will first h r e ~ ~ k  tlowu o~ving to the introduction of 
terms invol~jng tlre second liarmonic. The sign of these terms is such that  there is, 
in a11 the shells of ~~rhicl-~ cliiiiinution of density in the the nebula is composed, n 

ecluatorial regions, and a condensatioli a t  both poles, n.hicll must be addecl to that  
given by the ternrs illvolving the first harmonic. 

The nature of this motion will become clearer upon a reference to  fig. 3. This 
figure consists of the four curves':g 

and these inay be supposed to represelit curves of equal rlensity in the three stages. 
Tt is easy to see that  of the pear-shaped surfaces of' ecyual tlel~sity, the equations of 
which contain the two first harmonics, soine will be turiled in one direction, nncl somc 
in the other. For if they were a11 turned in the same direction the centre of gravity 
could 110 longer remai~l a t  tlle centre of co-ordinates. Thus, if the irarrow cltds of 
these pear-shaped figures point in one directiou a t  illfiiiity, we must, as TI-e go 
inr~arcls,come to a place a t  which they haye the transition shape, nanrely, ellipsoids 
of re~~olution, i11 tlie opposite direction. and after this they ~vill ~ o i ~ l t  

I t  appears, therefore, that  the initial motion is such as t o  suggest the ultii~rate 
division of the nebula, illto two parts, this divisioi~ being effected by the outer layers 
condensing about one radius of the nebula, so as to leave rooill for tlie ejection of a 

+ The particular values for which the C L I ~ T ~ C Sare clra~rn arc in the ratio a, = 11, nl = 2, rill = 5 ,  ((.? = 2, 

(ifl l  = 7 ,  a': = 4. Thus tho equation of the last curves are ill polar co-ordinates, 



Cfi STR ,I W,JEAKS ON THE SST,tRII,TTY OF SPIIEPLIChT, SEBT?L,Z.A\. 

central nucleus in the direction of the opposit~ rndirrs. Whether or not actnxl 
sel3i~ratioli takes place ~.i.onlcl probably depend (111 tho arrioul~t of the angular velocity. 

I t  isc of interest to compare the result ju.st nrrivetl :11, wi th  the corres],ondiilg 
r c s ~ ~ l tforrnrl by P o r s c ~ ~ hfor 1,ile motion n.71~11 :n I cllil~soiclof' c 7 n c o ~ ~first I ) P C O J I I ~ Y  
~~nrt:il.)le, -Vhrl-r;i is c2escrihcd as follow.; : 

" I,RPIUS gi:l';lncle l2ortion tle 1:) ~natihre selrlbltc p c  I ,\pjjlvocher rle In forme sphdriclue, 
tinlclis clue In, 1~11tqx~t i te  rllat'ihre sort de I'elllpsoi(le par portio~lclc cibtte mfimi. 
19rxtlemit6du granci axe, conme si el10 A-oulajt .ie s/;l)arercle la Illasso 1)1*incip:lle." 

I 1I hns. alihougb the initial inotio~?s arc, hiirce they start &on1 tlj-lferent configur:alions, 
i~eccssarily cliiYer~r~t, sec~lla s  if "tic linai reuuit aras very much 'the same yet it ~ ~ o u l c l  
i l l  the t tro cases. 111 either case ;l7e Iiave ;I rlinlixufion of mnttm in the eciuatorial 
reyinnr, suggesti~ig the ultiii~ate clivision of the 111as.: illto two,  and i l l  cxch case tl~ese 

Fig, 3~ 

two masses are nf u~iec~l~al  ;I rcsrxlt whicll could Ilnrtily hnre lieen foreseenslsth, 

without analysi~. 
$ 43. If' the rate of cooli~ig of a nel)nla, is app~eciai)le,-the r~~o t ioa  mill not he alot~g 

a 'kscie.r j 9  the frequency ~ ~ ~ h i c h  of ecl~:ilihriu~n coufiguratiol~q. 'Fire v;ilr~e of 22, is 
nearest -lo instnl.)ility, \~~,.\lill to somc tlibtancebe changing at a finite rate, and may r u ~ ~  
beyold the zero rahtc, before the cleviation of  tllc nebula f'oni tlic s],lierical shape is 
sui%cieut to illvalidate the an;~lysis of our paper. In  this case we call im:~gine the 
first unstable vibration, that  for ~vhich 21 = 0, beilig overtaken by other unstable 
ribrations of greatel, ancl gveater freque~zcy, the correspondiug velocity of di\-ergetlce 

" Acta hlathemnticn,' ~ o l .7 ,  p. 3 k7. 



fi~onl syherical syinrrietry bc~colilifig coiitiilually greater. I t  is tlierefbre cl~lile 
collcoivable t'hat the iilotioil may become adiabatic a t  arr early stage, ancl i t  is possil~le 
that it limy be I~ctter illiagir~ed as ir, collapse 01, exl)losiou, rather tliall :is ZL ~ ~ ' L L C ~ L I R ~  

slipping 4i.0111 a sphericit1 btate of equilibrium illto and through it series of 
unsymiiiet ric;d states of ecj~xilibritlm, 

But an examillatio~~ ill i;how illat 111 thisof' the physical character of the motioll \I 

extreme case, ns also in :illy intermediate case, the niotion innst I)e, in its essentials, 
llie sailie as that ~vhicli has been found f'or the otl~vr extreme case, ~~anle lg ,  that of 
iiifinitelv slo~v cooling and perfect thernial eqriililwimii. In  the aljlle~ical state, the 
outermost layers of gas uray be regarded as stretched out in opposition to tlieir 
gravitational a t t~~c t io i i s ,  being nlniiitaiiied in this stale by the elasticity of tlle gas. 
l'lie balance between tliese t w o  agencies (1~4lich is, sl~ealtil~g loosely, iiieasnred X)y the 
stability f~~~ lc t i on ,  nlust bc sul~posed to be coiltinually changing, and iirstctl)ility u,) 
always results from the same cause, namely, that the elasticity of these outer layers 
becomes iiiadecpate to resist the gravitatio~lal tenciency to collapse. In every cnse 
the outer layers coiicei~trate aljout a single radius of the ~icl)ula, the axis of harinor~ics 
(0 = 0 in equation (72)) and so increase tlie pressure along this mtlius, while 
decreasiirg that along tlie opl~osite raclius (0 = r). This pressure acting ul~oi, the 
inller layers of gas and tile core sets them in niotion, slit1 in ihis nay Jre have the 
teildeiicy to separation into two i i ebu l~ .  

5 44. X uebula wl~ich coiisists of all isothermis1 ~~uc leus  with rr lu\-ec i;i collvectivo 
etluilibriui~l above it, is saicl to l ~ e  in " isotlierlllal-atlinhtic" e:tuilil)r~iunl, At  ille 
surface a t  whiclil tlie la\v changes fsonl the adiabatic to tlie irothern~al, the cyuantities 
a,T ancl p 11lnst all I)e continuous. 

r 1l h e  isotberiilal part is capable of euecutiltg :I vii~ratioil of fiequellcay p er 0 -\vl;ile 
~~eiilaiiiiirg itill isoihernlsl ecluiiibrim~ tilroughoui, povided tlle blces :~ctiilg ixj.)011 

R.0111 the ac1iak)atic part are t l ~ e  same as wotlld act if the adiabatic part were 12ep)laced 
by nu isoillcrilial p:wt ill such a way tliat tlle n-llole .rn:tcl:: ul, ail ilifiilite isotlrertrlal 
itebnla. If thc liebula is rotating, the aiilplitude of vibration of" tlio iiifiililc tlrljuln 
T\ ill v:inish a t  illfirlity l~rol)ortioilally to soiile i~lverse po\ver of T,  this l?ov:er iilci~easi~lg 
.\\-it11 the rotation. For suflicieiltly large rotatiolls, tlie vi1)rations 111:~y be rqqirded 
;IS inapl~reciable elicelit over tilt: original i~othermal nucleus, so that tlre \.il,ratiorl is 
appro'Ili.riate1y unaltered ~vhen the outer lttyers are ap i i l  replaced by layers ill 
coilvective equilibrium. 

W e  see, therefore, tllat i111 " isotl~ermal-adiabatic" 11ebul:tmi1.Y Ijecoiilc: rnlstaLIe, fix 
sui1icieiitly Inlge rotatiolrs, tlirougll a vibration of 01-cler 7% = I .  No atteir~pt i s  rtxrtle 
to obtniil ally numerical results. \Ye call, Iio\\ evcr, f;)llo-~v u p  tlie subsey~xexlt nlotioii 
iu the snine way as in tlie case of' :in isothermal nebula. 



O\-er tlre p r t  of the nel~nlan.hic11 is iri ;~cliab:~tioccj~~iliLriiull,[lie selatiou bet\\ cell 

density slid pressuye is 
a= i'p:' 

- \~Jierec is ;L colistaill, so tlint the ecju:~tioirso:' ecluilil)~iunl Geconic, 

-i dp - (71'-GypY-" ( / ,  ( 7 ,  . kc . ,  

\\ llere IT,is the 1)btential of the outer Goulit1:~r.y o t" tlre ilcl,ul:~. 'rllis takes llie I"uri11 

It is obvious t11at eclnalion (124) ;~g~iil fbrill of' solutioli, a]icl tllat ,gices the gclrci4;~l 
;is flu. :is CL?, the equations are (cJ t . c~u~~ t io i~s12 1, 123) 

\ V ~ i i i ~ ~ gK fhy c + y p 0 ~ - l ,  \\-c see t l ~ t  ( I  3 2 )  L U A ~( I  3:3) 1)i;~ye q ~ ~ a t i o i ~ s  be n r i i t t > ~ ~  



These are eciuatiolls similar to (122) ailti (123) ; the last tel-n~ in (1 3 6 )  is dlif;:r.eiit 
froill the last term in (123), but both terms agree in being invariably positive. Hence 
it  ;~ppears that  the cylxestion of the sign of q, turns, as in 5 37, up011 the sign of the 
fkctor (6 - 221). ?Ve can no longer actually evaluate this fnctor, as in $ 37, but it  
seems to be safe to infer froin analogy that  i t  ~vill  be positive a t  every point, ancl this 
ill turn shows that  o,must be positive a t  every point. Hence it  ap1ze:trs probable 
that  the iiiotioii will be t1l:tt desc~ibed in 5 38. 

5 45. The equations of :&nuiiiy~naletrical series starting from a symmetrical 
configuration in wllicll tl1er.e is a fiilite amo~ulit of rott~tioil \vould be ex~renlely 
complicatecl, and no attenlllt - to lialldle tllein is iliade in this paper, The covrectioli . . 
tbr a snlall rotation will clearly coilsist meroly of an increase in the terms coiitainmg 
the secoild harn~onic, so t h a ~  tlie geliersl shape of the curves will be siinilar to that  
of the last two curves of' fig. 3. 

Little difl;culty will be experieilcecl in imagir;ning the shape of curves appropriate 
to larger rotations. 

4 46. A liiniting soll[tioii of the  ecluntions of equilibriulri (cor.rc.spo~idi~g ==to il a;. , 
R = co in equation ( 114)) gives n nebula ill ~vliich tlle tlellsity is col~stal~t  every-
where. This solution inny be supposecl to represent iiifiuite s1)ace filled -\\-it11 ~ t ~ a t t e r  
distributed a t  random. If space has no bound;~ry there is prrsun~:~bly tleod110 to 
satisfy a boundary-equation a t  infinity, so that  p niay have ally vali~e ; if, lzo-\vcvcr, 
this ecyuation inust be satisfied the only solutio~i is p = 0. 

Let us consider the former case. Space is filled with a ivlecliunz of me:m density p 
and of meall temperature 'l'. Since the space under consirlel.ation is infinite, we may 
measure linear distalices on ally scale we please, ancl, by t;nl<ing this scale sufficiently 
great, we can cause all irregularities in density and tenzperature to disappear.. \Tit: 

may, therefore, suplJose a t  once that  the density ancl teml~erature have the coilstant 
values p and T. 

The ec~uations of motioll for sinall displacements referred to rectaligular axes nre, 
ill the old notatiori j~ f :$ G ) ,  since TT,, ;,lid mo are co~istants, 

d" - .. (im'(ZV' I 
7 

- , kc., . " * . , a .
clt" (l2: p(, ( / , I ;  

or, operating ,rvith d/(l:z, dldy, c7/clz, and adding 
VOI,. CSCLS. - .I. i i  
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Giilce \Tt is the I,otenii;~lof" :i dth i i+ i l ) l i l lo l loi' ~lc11sity- h p  ( ( j .$ (i),\tre 

11liile i f  TW fi)i- tllc sake of' si11?1iIi~it~. 111otio11is ;itli:th:~tie,so thatS ~ I ~ ? ~ C Y , C ,  illat tht :  
Gl~oratio of' pressulae l o  de~isitychanges at a ~Oll~lililil';i%~'IC, \ \  c ] lave ((9:eec4u;~tion 
( 3 ) .  p. 5) 

V?rnf= KV!p' fv,v 

7'11(> sinly)lcst solutior~ of' this is of the i o ~ n ~  

1r.here 

&U1;i:ryohi t ion of s x ~ ~ l t  

No~vsolutioll (141j gir-es A ;ti i~lf ; l l i~y,  cj 


anltl tl ~c gener:~l S O ~ L Iti011 G i l l 1  be huil t up 1 c-olut iolls. 
.= 0 ~ ) I ~ o v I ( I ~ Y I  is r.e:~l, ailcl the~.efbre 

provi(1~l,u2 -+~1n-pis l )os i t i~~e ,  co~lditioli \TI I ICII of' p beillg fin~:igiila~.y. a :rdnlits 
'I'1ior.e is therefole ;t l)ossil~lc nlotion, which rnnsiiith of' a conccrtt~':tt;on of u1attc.v 
a1)on-l sollie point, t l ~ o  : l n ~ o ~ i i ~ t  1.3 t 211islring nG iuiinity, ai~cliheof this co~lcc.rli tlol, 
; ~ ~ ? ~ o u n t  with ilie tiille.at  ally point irlcve;lsillg, in tile initi:il i,r;lgeb C C X ~ X ) I I C ~ I ~ ~ ~ ~ ~ Y  

\jTe co~~clutlc,  t herefbl.e, tha t  a u~ljfc,r*nldihtl'ilf !?tion i11 B ~ ; I C C  \t7;1 1 110 ullstktl~le, 
iirclt.j~e~icle~~tlyof' tllc illearl tempevat1u.e 01. dcr:siij. oftthlw clistrll)~ltiotl.,' 

The Evol?~tioit,?f K<J~U( (P  

5 1'7. 647e cat\ also see tllat a c1isiril)utioir oi' rtr:~ttei ~vhic11 i h  6ymn1etric;~iabout a 
silrglc poilit will l ~ cec~nnlly nnstt~l)lr. For, il' t l i i t ,  ctistr; l~uiiotlof'nrnltor.n ere peribctly 

fi 
 a\lr illterestillg fieltl of sl)ccixl;ition ii operlcil by ~rg:iiciirig t l r ~stars tilemsr11-es a, rnoleri~lesof n 

cl~~:i~i-gns.It s p x e  were l';l~clitlo:~iialld ru~bouncleci, there -\I-c,ulrli)c no ol)jcctiol~ to this procedure, :uld 
v I. sllonld he lctl to the concl~lsioir that the nxttter of thc wlirersc rnr lq t  l~ecome illore n 11tl more concen-
tiatctl. ill tho course of time. thii corrcenti-s tiori might ie ,~ch Ii space is ~ron-E~xlic'iem, :i limit as soon as 

the co:~rscgruined~icss of i he st17ucturc attained ;t vnlue 30 gre,~t  that ttio dist;rncu betweell individual 
(wits l>ec;li~ie conrpirable vith tlic rildii of cuivatuve ot spare, IYIally case, it may reach e limit as sooil 

as arl :~ppreci:~ble frzictior~ of tlie spnco in clucstion hcconles occupier1 by matter, 
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homogeneous, t l ~ e  whole inass of inatter ivoultl form a spherical nebula of literally 
infinite extent, and would therefore be ill neutral ecluilibriuiu. The introdrlctioiz of 
eve11 the smallest irreg~xlarities into this structure is ecirzivalent to the applici~tion ot 
all external field of force. This, as 11as already been seen, will clestroy the s1)hcrical 
synln~etry, and it call easily be seen t l ~ a t  the mot,io-ii fronl spherical syniinetry is sucl.1 

a s  to lead to a concentration of matter about points of r-tlaxim~~m rlerisity. 
It appears, therefore, that the configurution 1vllicll rvill ~zatnrilllg be assrxitlect by an 

infinite mass of matter in t11e qaseous or meteol-itic state consists of a 11ulnber of 
nebnl~e(i.c.,clusters round points of inaximutn de~lsitg). TjTe may either snppose 
tlle outer regions of these nebnlz to ove~lap, each 1iehn1;~ satisfjrillg tlic gas-et luatit)lls 
by being of il~fillite extent, or \\?e may suppose the 11el)ul;c to be distinct anti of finite 
size, the interstices being fillcd by meteorites or other matter, ~vhich by continual 
1)ombarclmeilt upon the surfaces of the neloulz supl'ly the prossure which is ~*ecyuii-ed 
a t  these surfaces by the ecluatio~ls of eclrilibri~xn~. 

5 48. J4T21ai, w e  may inquire, 1vill determine tlle linear scale upon which these 
11ehul~are fbrmed ? Tl?rce cjnantities only call be concernecl : y the gravitational 
cor~stant,p the mean densit., :tnd XT the lrleall cla.;ticity. Non- these clu;tntities 

can coinbiue ilr only one \tTtty so as to f o ~ ma letlgtla, ilamely, th~oug-11 the esp~.ession 

of wl~ich the tliinensions will be readily verified t,o be unity in leugil~, aiicl zero in 
illass and time. hTe corlclutle, then, that the tlist;tnce hetween ac;ijacei~t nebula xvill 
be comparable with the above expression. 

Now the value of y is 65 X lo-" :nnc1 if we :Lssuiue the primitive teml~erature 
to be comparable with 1000" (absolute) we may talie AT = l o9  (corresponding 
accurately to an :~l~solutetemperat~we of 350" for air, 2800" for hydrogen). If we 

take the sun's diameter as :x temporary uuit of length, the earth's orbit is (roughly) 
of diameter 200. If we suppose the 6xed stars to be a t  an average parallactic 
distance of 0.5'' apart, nieasurecl ~vitli  respect to the earth's orbit, we find for their 
rnean distance apart, about 4 x 107 sun's radii The density of the sun beiilg, 

in C.G.X. units, rouglily eyual to unity, we nlay, to the best of our knovlrdge, 
suppose the mean density of the prlinitive tlist13m!ion of matter to be about 
( 4  x 107)-3, or say lo--". Xul~st i t l~t i~igthese valr~es for y, XT and p, me find as the 

scale of length a quantity of the order ot 10'"'" centims. The (1ist:~nc~1vllic11 

corresponds to a pari>Ilax of 0.5" 11-onld be about 1 0lS "e~~ti~lzs. It \;\-ill tlrerefire lie 

seen that nre itre dealing with tlistar~ces \;\-hiell :ire of the astrouon~ical order o i  


ra~agnitude. 
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$ 49. Lot 11s no^\^ rep-c1  a single ccntre, togelllei. vi th the matter collected romld 
it, as On accoulit oi' 1,hei l ~ e  spherical nebula which is the subject of clisc~~~sion. 
way i t ,  x~liich it  has been foi*moil, this nebl~la nifl, i l r  general, bc o ~ ~ ~ l o ~ v r c l\rill1 
a certk~i~l 1r:t.l e sclerr that a ~)~inl i t ive  of'amo1m.t of angular monlentni~i. $Ye nebula 
this killti may be sl~pposed, uilder cer1:zin contlit;onr, to bocon~e ~xnstable. W e  lluve 
also see11 .that t l ~ e  ~rtotion,n-hen the nebufn k~econles unslable, is slacll :is to strongly 

suggest the (3,jectioli of a satellite. 
As a nebula cools the rxotntic~n ir~creases, on.ing to i,Ilr: contractiorl of the ~lebula, 

a11d fi also ir~creases. Tlzus the cl1ralr.l ity a?,;IX1''F2,nt~icll measllres the rot:itional 
tet~clcwcy to i~istability, has :i clouble cause of irtcraease ; firstly o ~ ~ i n g  to the increase 
in a?, :~rltl. secoiltlly owing to the decrease hi ' 8 ' - TJ'$'r car1 ~ccoi*clirtgly il12agitle the 
pi,in~itive~iebmla,1)ecoming nnstable iir~le after iirl~c, Illraov jrlg off a s;~tellite each time. 

111 the usually accepted fiwm of tho nebr~laia Itypoil~esis, the ~otat1011 is s1lly)ofiecl t o  
l ~ cthe sole cause of' instal)ility. so that t lte systeru I-es~tlting ~roni;I single i~ebula 

ougllt theowtically to be eiitii*ely symmetrical a l~oat  an axis. O I Lthe v i e ~ ~ .  of  t l ~ e  
1)resellt paper, there is ~ i oreason for. expecting ihis synn~llelry. For large rotations 
of ilio praintiti~e nebula, the c:o~rfigur*ationof th6i rc-sirltant planetary syskenl will 
a p l m ~ x i r ~ ~ i ~ t eperfect syn~nletry, E,ut fbr a slight irrc-gula~lityto sm;~ll ~*otations, 
ocdcl~rl.ir~~ a t  a l)oillt out of' iLh4 eyu:~torinl l)l;lr~e, a t  tllc critictal mo~l~ent ,  may p~*othlcc. 
a s:~lellite of T T T ~i ~ I 1tlhe orbit is fay ~ernoved h3olti the: eq uatori:tl l~larie. 

I n  co~rclusioii, t n  o particular cases of' '' irregla laritic~,.; '"iuaj- be referred to. If the 
nobu1:t is peneirated by :L rv:~~rcleriltg te, L L ~i~ ~~tol l ie~l t~netcorli a t  wliicEi it is close to u 
state of' illstak)ility, the presence of the nleteorite n ill colist iirrte au ir1*egulnrjty, ancl 
i11:~y easily result h the for l~~i \ t io~i  of :t szttc-lljte, 19rit7 i f  a cluasi-tide is zaisec3 ill the 
nebula by tlic~ presence of :L distant lmass, the salne result Irlny I)e pi~ocluceci. Ilr the 
foi*ii~erc:ise, the plane of the satellife u,oultl, if ill(: r~ttatio~tis sufliciently sinall, 
Ije largely clrterinillctl by the path oi' the uleteorite ; i l l  the secoiltl case, Ijy the 
positiof~ (or path) of the attracting u~ass. It ~roultl riot, ! T I  eitlteil case, c'lepe~itl rriucl~ 
upoil the axis of' 1.otatioll of the liehula. 

5 50. To sum og, it  appe:rrs that t l ~ c  ;Itellab iout~ of :I gaseons S I C I I L I ~ ~  illdiffers 
dii Ipast two iml~or t~~ l l t  filon~ t11;1i, of ;LII liy~licl.resj)~~cts i~ ~ c o ~ ~ ~ j ~ r e s s i b l e111 the f i ~ ~ t  
pl;icc, i t  di-fi'ers as regards the :1lno~111tof rotation n l ~ i c l ~is recy~li~edto produce 
iiistal,ility, aiicl, ilr the socontl place, i t  tliffers as t - e p ~ ~ l sthe clisposi1,ion of the orl~its 
of" the plaliets wllicli will be fori~lecl out, of the ~ J Iinlitj~xlirebula. I t  ivill be noticed 
that 11o definite nuinerical results hare beell co'r,tainctl ; my aim has been to olratai~r 
ilit:~litilti\e ritt lier than quantitative I-esulis, so at; to sl~o\\-,i f  possible, t h a t  the  
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results to be expected fc)r a gaseous nebula are of so much more general a kind than 
those usually inferred from the analogy of a liquid mass, that  no difficulty need be 
experienced in referring existent planetary systenis to n, nelraular or meteoritic origin, 
on the ground that  the configurations of these systems :\re not sue11 as co~lltl 1:ave 
originated out of a rotating mass of liquid. 

In concli~sion,1~vish to express ruiy inde1)tetlness to I'rofessor D L i ~ w r Nfor t~lixcll 
nssistttnce wliich 4_ havc r.r~cei\~ecl tllc. course of rn\- ~rol*k, frolii hilil t l~rongl~ont  


